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ARITHMETIC POSITIVITY ON TORIC VARIETIES
JOSE´ IGNACIO BURGOS GIL, ATSUSHI MORIWAKI, PATRICE PHILIPPON,
AND MARTI´N SOMBRA
Abstract. We continue the study of the arithmetic geometry of toric vari-
eties started in [BPS11]. In this text, we study the positivity properties of
metrized R-divisors in the toric setting. For a toric metrized R-divisor, we give
formulae for its arithmetic volume and its χ-arithmetic volume, and we char-
acterize when it is arithmetically ample, nef, big or pseudo-effective, in terms
of combinatorial data. As an application, we prove a Dirichlet’s unit theo-
rem on toric varieties, we give a characterization for the existence of a Zariski
decomposition of a toric metrized R-divisor, and we prove a toric arithmetic
Fujita approximation theorem.
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Introduction
The study of the positivity properties of a divisor on an algebraic variety is a
central subject in algebraic geometry which has many important results and appli-
cations. A modern account about this subject can be found in the book [Laz04].
There are different notions of positivity for a divisor: it can be ample, nef, big,
or pseudo-effective. There are also numerical invariants of a divisor related with
positivity, like its degree and its volume. The degree of a divisor is the top intersec-
tion product of the divisor with itself, while the volume measures the asymptotic
growth of the space of global sections of the multiples of the divisor. When the
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divisor is ample both invariants agree but, in general, the volume is always nonneg-
ative while the degree can be either positive, zero or negative. The different notions
of positivity, the degree and the volume of a divisor are invariant under numerical
equivalence and can be extended to R-divisors.
Analogues of these invariants and notions of positivity have been introduced
in Arakelov geometry and their study has interesting applications to Diophantine
geometry. In [Zha95a], Zhang started the study of a theory of arithmetic ampleness
and proved an arithmetic Nakai-Moishezon criterion. Using this theory, he obtained
the so-called “theorem on successive algebraic minima” relating the minimal height
of points in the variety which are Zariski dense with the height of the variety itself.
This result plays an important role in Diophantine geometry, for example in the
context of the Manin-Mumford conjecture, the Bomogolov and Lehmer questions,
and the Zilber-Pink conjecture.
In [Mor09], Moriwaki introduced the notion of arithmetic volume measuring the
growth of the number of small sections of the multiples of an arithmetic divisor, and
proved the continuity of this invariant. In [Yua08], Yuan studied the basic prop-
erties of big arithmetic divisors, that is, arithmetic divisors with strictly positive
arithmetic volume. As an application, he obtained a very general criterion for the
equidistribution of points of small height in an arithmetic variety, generalizing the
previous equidistribution theorems of Szpiro–Ullmo–Zhang [SUZ97], Bilu [Bil97],
Favre–Rivera-Letelier [FR06], Baker–Rumely [BR06] and Chambert-Loir [Cha06].
Given these results, it is interesting to dispose of effective criteria to test the pos-
itivity properties of an arithmetic divisor and to be able to calculate the associated
invariants in concrete situations. In this direction, Moriwaki has studied a family of
twisted Fubini-Study metrics on the hyperplane divisor of PnZ. He has obtained cri-
teria for when these metrics define an ample, nef, big of pseudo-effective arithmetic
divisor, he also computed the arithmetic volume of such divisors, proved a Fujita
approximation theorem and gave a criteria for when a special type of Zariski de-
composition exists [Mor11a]. The present text generalizes these results to arbitrary
toric (adelically) metrized R-divisors on toric varieties.
Toric varieties can be described in combinatorial terms and many of their algebro-
geometric properties can be translated in terms of this description. A proper toric
variety X of dimension n over an arbitrary field is given by a complete fan Σ on a
vector space NR ≃ Rn. A toric R-divisor D on X defines a function ΨD : NR → R
which is linear in each cone of the fan Σ. Following the usual terminology in
toric geometry, we call such function a “virtual support function”. One can also
associate to D a polytope ∆D in the dual space MR := N
∨
R . There is a “toric
dictionary” that translates algebro-geometric properties of the pair (X,D) into
combinatorial properties of the fan, the virtual support function and the polytope.
For instance, the set of points of ∆D in the dual lattice M = N
∨ gives a basis
for the space of global sections of O(D), and the volume of D can be computed
as vol(X,D) = n! volM (∆D), where volM is the Haar measure on MR which gives
covolume 1 to the lattice M . The divisor D is nef if and only if the function ΨD is
concave and, if this is the case, its degree coincides with its volume.
In [BPS11], this toric dictionary has been extended to cover some of the arith-
metic properties of toric varieties. Let K be a global field, that is, a field which is
either a number field or the field of rational functions of a projective curve, and
suppose that X is a toric variety over K. Then, a toric metrized divisor D on X
defines a family of functions ψD,v : NR → R indexed by the set of places MK of
K such that ψD,v = ΨD for all v except for a finite number of them. By duality,
this family of functions gives rise to a family of concave functions on the polytope
ϑD,v : ∆D → R, called the local roof functions of D. The global roof function ϑD
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of a metrized divisor D is defined as a weighted sum over all places of these local
roof functions. The convex subset ΘD ⊂ ∆D is the set of points where ϑD takes
nonnegative values.
These objects encode many of the Arakelov-theoretical properties of D. For
instance, a metrized divisor D is called semipositive in [BPS11] if its metrics
are uniform limits of semipositive smooth (respectively algebraic) metrics for the
Archimedean (respectively non-Archimedean) places. Then, D is semipositive if
and only if all the functions ψD,v are concave. If this is the case, the height of X
with respect to D can be computed as
hD(X) = (n+ 1)!
∫
∆D
ϑD dvolM .
Moreover, we show in the present text how these notions and results extend to toric
metrized R-divisors. We refer the reader to §4 for the precise definitions and more
details.
The arithmetic volume and the χ-arithmetic volume of a metrized R-divisor D
measure respectively the growth of the number of small sections of the multiples
of D and the growth of the Euler characteristic of the space of sections of the
multiples of D (Definition 3.13). Our first main result in this text are formulae for
the arithmetic volume and the χ-arithmetic volume of a toric metrized R-divisor
(Theorem 5.6).
Theorem 1. Let X be a proper toric variety over K and D a toric metrized R-
divisor on X. Then the arithmetic volume of D is given by
v̂ol(X,D) = (n+ 1)!
∫
∆D
max(0, ϑD) dvolM = (n+ 1)!
∫
ΘD
ϑD dvolM ,
while its χ-arithmetic volume is given by
v̂olχ(X,D) = (n+ 1)!
∫
∆D
ϑD dvolM .
The height is defined for DSP metrized R-divisors, that is, differences of semipos-
itive ones, whereas the arithmetic volume and the χ-arithmetic volume are defined
for any metrized R-divisor. Observe that when D is semipositive, the χ-arithmetic
volume agrees with the height and the formula for v̂olχ(X,D) coincides with that
for hD(X). Nevertheless, we show that the notion of height no longer coincides with
that of χ-arithmetic volume for arbitrary DSP R-divisors (Examples 5.9 and 5.11).
Formulae similar to those in Theorem 1 were previously obtained by Yuan
[Yua09a], [Yua09b] and by Boucksom and Chen [BC11] for a metrized divisor D on
a variety over a number field, under the hypothesis that the underlying divisor D
is big and that the metrics at the non-Archimedean places are given by a global
projective model over the ring of integers of the number field. These formulae are
expressed in terms of the integral of a function over the Okounkov body of the di-
visor. The Okounkov body is a generalization to arbitrary divisors of the polytope
that appears in toric geometry. Indeed, the functions introduced by Yuan and by
Boucksom and Chen can be seen as a generalization to arbitrary metrized divisors
(under the aforementioned hypothesis) of the global roof function.
Our second main result is the following characterization of positive toric metrized
R-divisors (Theorem 6.1).
Theorem 2. Let X be a proper toric variety over K and D a toric metrized R-
divisor on X. Then
(1) D is ample if and only if ΨD is strictly concave on Σ, the function ψD,v is
concave for all v ∈MK, and ϑD(x) > 0 for all x ∈ ∆D;
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(2) D is nef if and only if ψD,v is concave for all v ∈ MK and ϑD(x) ≥ 0 for
all x ∈ ∆D;
(3) D is big if and only if dim(∆D) = n and there exists x ∈ ∆D such that
ϑD(x) > 0;
(4) D is pseudo-effective if and only if there exists x ∈ ∆D such that ϑD(x) ≥ 0;
(5) D is effective if and only if 0 ∈ ∆D and ϑD,v(0) ≥ 0 for all v ∈MK.
There are several questions one can ask about the relations between the different
notions of positivity. An effective metrized R-divisor is also pseudo-effective and,
conversely, one can ask if any pseudo-effective metrized R-divisor is linearly equiv-
alent to an effective one. As Moriwaki pointed out, this question can be seen as an
extension of Dirichlet’s unit theorem to metrized R-divisors on varieties [Mor11b].
Another relevant question is whether one can approximate pseudo-effective or big
metrized R-divisors by nef or ample ones. A Zariski decomposition of a big metrized
R-divisor D amounts to its decomposition, up to a birational transformation, into
an effective part and a nef part which has the same arithmetic volume as D. Such a
decomposition always exists when the underlying variety is a curve over a number
field [Mor11c] but it does not always exist for varieties of higher dimension [Mor11b].
In the absence of a Zariski decomposition, one can ask for the existence of an
arithmetic Fujita approximation. The existence of an arithmetic Fujita approxi-
mation was proved by Yuan [Yua09a] and by Chen [Che10] for the case when K is
a number field, D is a divisor, the metrics at the infinite places are smooth, and
those at the finite places come from a common projective model over OK.
As a consequence of our characterization of the different notions of arithmetic
positivity, we give a positive answer to the Dirichlet’s unit theorem for toric vari-
eties when the base field K is an A-field, that is, a number field or the function
field of a curve over a finite field. We also give a criterion for when a toric Zariski
decomposition exists and we prove a toric Fujita approximation theorem (Theo-
rem 7.2).
Theorem 3. Let X be a proper toric variety over K and D a toric metrized R-
divisor on X.
(1) Assume that K is an A-field. Then D is pseudo-effective if and only if there
exists a ∈ ∆D and α ∈ K× ⊗ R such that
D + d̂iv(αχa) ≥ 0.
(2) Assume that D is big. Then there exists a birational toric map ϕ : X ′ → X
and toric metrized R-divisors P , E on X ′ such that P is nef, E is effective,
ϕ∗D = P + E and v̂ol(X ′, P ) = v̂ol(X,D)
if and only if ΘD is a quasi-rational polytope (Definition 4.5).
(3) Assume that D is big. Then, for every ε > 0, there exists a birational toric
map ϕ : X ′ → X and toric metrized R-divisors A, E on X ′ such that A is
ample, E is effective,
ϕ∗D = A+ E and v̂ol(X ′, A) ≥ v̂ol(X,D)− ε.
A stronger version of the Zariski decomposition asks that the nef part is maximal
in a precise sense (Definition 3.26). In the toric setting, one can ask for the exis-
tence of a decomposition which is maximal among all toric ones (Definition 7.1).
Indeed, we show that the criterion in Theorem 3(2) extends to pseudo-effective
metrized R-divisors if one uses this stronger version of the Zariski decomposition
(Theorem 7.2(2)).
A related question in whether the existence of a non-necessarily toric Zariski
decomposition of a big toric metrized R-divisor is equivalent to the existence of a
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toric one. In §8 we give a partial affirmative answer to this question restricting to
toric varieties defined over Q and arithmetic R-divisors (Theorem 8.2). Roughly
speaking, arithmetic R-divisors correspond to metrized R-divisors whose metrics
at the non-Archimedean places are given by a single integral model and they are
closer to the more traditional language of arithmetic varieties, see Example 3.18 for
the precise definition and more details.
Since Arakelov geometry can be developed in different frameworks, we discuss
briefly the one in the present text. We have chosen to use the adelic language
introduced in this context by Zhang in [Zha95b] instead of the language of arith-
metic varieties of Gillet and Soule´ as in [GS90]. This point of view is more general
and flexible, and allows to treat the cases of number fields and of function fields
in a uniform way. Moreover, since general proper toric varieties are not necessarily
projective nor smooth, we do not add any hypothesis of projectivity or smooth-
ness. Also, we work in the framework of R-divisors since it is the appropriate one
for Dirichlet’s unit theorem on varieties, and it is also suitable for discussing the
Zariski decomposition and Fujita approximation problems.
There are several different definitions in the literature for the various notions of
arithmetic positivity, depending on the used framework. Adding the appropriate
technical hypothesis, these different definitions are equivalent but, in general, they
are not. Due to our choice of working framework, we had to adjust these pre-existing
definitions (Definition 3.17). A systematic study of the definitions we propose here,
including the openness of the ample and the big cones, the closedness of the nef
and the pseudo-effective cones, and the continuity of the arithmetic volume, falls
outside the scope of the present text. Nevertheless, our results show that these
definitions behave as expected in the toric case.
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1. Global fields
Throughout this text, by a valued field we mean a field K together with an
absolute value | · | that is either Archimedean or associated to a nontrivial discrete
valuation. If (K, | · |) is a valued field, then we set K◦ = {x ∈ K | |x| ≤ 1}. When
| · | is non-Archimedean, the unit ball K◦ is a ring.
Let K be a field and M a family of absolute values on K with positive real
weights. For each v ∈ M we denote by | · |v the corresponding absolute value, by
nv ∈ R>0 the weight, and by Kv the completion of K with respect to | · |v. We also
set
λv =
{
1 if | · |v is Archimedean,
− log |̟v|v otherwise,
where ̟v is a uniformizer of the maximal ideal of K
◦
v.
We say that (K,M) is an adelic field if the following conditions hold:
(1) for each v ∈M, the completion Kv is a valued field;
(2) for each α ∈ K×, |α|v = 1 except for a finite number of v.
The adelic field (K,M) is said to satisfy the product formula if, for all α ∈ K×,∑
v∈M
nv log |α|v = 0.
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Let F be a finite extension of K. For each v ∈ M, let Nv be the set of pairs
w = (| · |w, nw) where | · |w is an absolute value on F that extends | · |v and
(1.1) nw =
[Fw : Kv]
[F : K]
nv.
If N = ⊔vNv, then (F,N) is an adelic field which satisfies the product formula
whenever (K.M) does. For w ∈ N, we note w | v if | · |w extends | · |v.
Example 1.2. Let MQ be the set formed by the Archimedean and the p-adic
absolute values of Q, normalized in the standard way, with all weights equal to 1.
Then (Q,MQ) is an adelic field that satisfies the product formula. We identify MQ
with the set {∞} ∪ {primes of Z}. For a number field K, the construction above
gives an adelic field (K,MK) which satisfies the product formula too.
Example 1.3. Consider the function field K(C) of a smooth projective curve C
over a field k. For each closed point v ∈ C and α ∈ K(C)×, we denote by ordv(α)
the order of α in the discrete valuation ring OC,v. We associate to each v the
absolute value and weight given by
|α|v = c−ordv(α)k , nv = [k(v) : k]
with
ck =
{
#k if #k <∞,
e if #k =∞.
LetMK(C) denote this set of absolute values and weights. The pair (K(C),MK(C))
is an adelic field which satisfies the product formula, since the degree of a principal
divisor is zero. In this case, λv = log(ck) for all v.
More generally, let K be a finite extension of K(C). Applying the construction
in (1.1), we obtain an adelic field (K,MK/K(C)) which satisfies the product for-
mula. In this geometric setting, this construction can be formulated as follows. Let
π : B → C be a dominant morphism of smooth projective curves over k such that
the finite extension K(C) →֒ K identifies with π∗ : K(C) →֒ K(B). For a closed
point v ∈ C, the absolute values of K that extend | · |v are in bijection with the
closed points of the fibre of v. For each closed point w ∈ π−1(v), the corresponding
absolute value and weight are given, for β ∈ K(B)×, by
(1.4) |β|w = c−
ordw(β)
ew
k , nw =
ew[k(w) : k]
[K(B) : K(C)]
,
where ew is the ramification index of w over v. We have
(1.5) λw = log(ck)/ew.
Observe that this structure of adelic field on K depends on the extension and not
just on the field K(B). For instance, (K(C),MK(C)) corresponds to the identity
map C → C, but another finite morphism π : C → C may give a different structure
of adelic field on K(C).
Definition 1.6. A global field is a finite extension K/Q or K/K(C) for a smooth
projective curve C over a field k, with the structure of adelic field given in exam-
ples 1.2 or 1.3, respectively. To lighten the notation, we will usually denote those
global fields as K although, in the function field case, the structure of adelic field
depends on the particular extension. In both cases, we will denote by MK the set
of places and by dK the degree of the extension.
Note that our use of the terminology “global field” is slightly more general than
the usual one since, in the function field case, we allow an arbitrary base field. The
price to pay for this greater generality is that, in the function field case, we can
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not use the nice topology of the adeles. Instead, we will have to use geometric
arguments. Following Weil [Wei74], we will use the terminology “A-field” for the
global fields which are either a number field or a finitely generated extension of
degree of transcendence 1 of a finite field.
We recall the notion of MK-divisor, which can be also found in [Lan94, Chap-
ter V] for the case of number fields.
Definition 1.7. Let K be a global field. An MK-divisor is a collection c =
{cv}v∈MK of positive real numbers such that cv = 1 for all but finite number of v
and such that cv belongs to the image of | · |v for all non-Archimedean v. We set
L̂(c) = {γ ∈ K | |γ|v ≤ cv for all v}
and
l̂(c) =
{
log(# L̂(c)) if K is a number field,
log(ck) dimk(L̂(c)) if K is a function field.
We also set d̂eg(c) =
∑
v dK nv log(cv).
Example 1.8. Let K = K(B)/K(C) be an extension of function fields viewed as
a global field as in Example 1.3. Let c = (cv)v be an MK-divisor. For each closed
point v ∈ B, the condition that cv belongs to the image of the absolute value | · |v
is equivalent to log(cv)/λv ∈ Z. Consider the Weil divisor on B given by
D(c) =
∑
v
dv[v]
with dv = log(cv)/λv. Let L(D(c)) be the associated linear series and l(D(c)) its
dimension. Then
(1.9) L̂(c) = L(D(c)), l̂(c) = log(ck) l(D(c)), d̂eg(c) = log(ck) deg(D(c)).
These equalities follow easily from the definitions. For instance, we prove the last
equation with the help of (1.4) and (1.5):
d̂eg(c) =
∑
v
dKnv log(cv) =
∑
v
dK
ev[k(v) : k]
dK
λvdv
= log(ck)
∑
v
dv[k(v) : k] = log(ck) deg(D(c)).
Thus, an MK-divisor can be identified with a Weil divisor on the curve B. This
identification respects their linear series and the associated invariants, up to the
multiplicative constant log(ck).
Lemma 1.10. Let K be a global field. Then, there exists κ > 0 depending only
on K such that, for any MK-divisor c,∣∣ l̂(c)−max(0, d̂eg(c))∣∣ ≤ κ.
Proof. If K is a number field, then, in the notation of [Lan94, page 101],
l̂(c) = log(λ(c)), d̂eg(c) = log ‖c‖K
and [Lan94, Chapter V, Theorem 0] gives the result.
Hence, we only have to consider the case when K is the function field of a smooth
projective curve B. Let D = D(c) be the Weil divisor associated to the MK-divisor
c as in Example 1.8. If deg(D) < 0, then l(D) = 0 and so l̂(c) = max(0, d̂eg(c))
by (1.9), and the lemma is proved in this case. When deg(D) ≥ 0, we have that
l(D) ≤ deg(D) + 1 and, by the Riemann-Roch theorem,
l(D) ≥ deg(D)− (g(B)− 1)
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where g(B) is the genus of B. Hence, | l̂(c) −max(0, d̂eg(c))| ≤ (g(B) − 1) log(ck),
thus proving the lemma. 
Lemma 1.11. Let K be a global field and S ⊂MK a finite subset. Let {γv}v∈MK be
a collection of positive real numbers such that γv = 1 for all except a finite number
of v, and such that ∏
v∈MK
γnvv < 1.
Let 0 < η ≤ 1 be a real number. Then, there is an integer ℓ0 ≥ 1 such that, for
all ℓ ≥ ℓ0, there exists α ∈ K× with |α|vγℓv ≤ 1 for all v ∈ MK and |α|vγℓv < η for
all v ∈ S.
Proof. Consider the finite set of places
S′ = S ∪ {v ∈MK | γv 6= 1} ∪ {v ∈MK | v is Archimedean}.
For each v ∈ S′ we pick γ˜v > γv in such a way that
∏
v γ˜
nv
v < 1 while, for
v ∈ MK \ S′, we set γ˜v = γv = 1. Then for each v ∈ S′ we can find an integer ℓv
such that
(1.12) ℓv(log(γ˜v)− log(γv)) > λv − log(η).
Choose ℓ0 ≥ maxv∈S′ ℓv satisfying also that
−ℓ0
∑
v
dK nv log(γ˜v) > κ,
where κ is the constant in Lemma 1.10. Let ℓ ≥ ℓ0. By (1.12), for each v ∈ S′ the
interval [−ℓ log(γ˜v), log(η)− ℓ log(γv)] has length bigger than λv. Therefore, we can
choose xv ∈ K×v with
1
γ˜ℓv
≤ |xv|v < η
γℓv
.
Set cv = |xv|v for v ∈ S′ and cv = 1 for v 6∈ S′. Then c = (cv)v is an MK-divisor
with
d̂eg(c) =
∑
v
dK nv log |xv|v ≥ −ℓ
∑
v
dK nv log(γ˜v) > κ.
Lemma 1.10 then implies that L(c) 6= {0}. Hence, we can find α ∈ K× such that
|α|v ≤ cv ≤ γ−ℓv for all v ∈ MK and |α|v ≤ cv < ηγ−ℓv for v ∈ S′, proving the
result. 
2. Adelic vector spaces
Let (K, | · |) be a valued field and V a vector space over K. By a norm on V we
will mean a norm in the usual sense in the Archimedean case and a norm satisfying
the ultrametric inequality in the non-Archimedean case. Let (V, ‖ · ‖) be a normed
vector space over K. If E ⊂ K and F ⊂ V we write
|E| = {|α| | α ∈ E} ⊂ R≥0, ‖F‖ = {‖x‖ | x ∈ F} ⊂ R≥0.
Let V ◦ = {x ∈ V | ‖x‖ ≤ 1} be the unit ball of V . When K is non-Archimedean,
V ◦ is a K◦-module.
Example 2.1. Let K be a valued field and r ≥ 0. We can give a structure of
normed vector space to Kr by considering, if | · | is Archimedean, the Euclidean
norm and, if | · | is non-Archimedean, the ℓ∞-norm. In precise terms, for x =
(x1, . . . , xr) ∈ Kr,
‖x‖ =
{(∑r
i=1 |xi|2
)1/2
if | · | is Archimedean,
maxi |xi|v otherwise.
This choice of norm gives the standard structure of normed vector space on Kr.
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We recall the notion of orthogonality of a basis in a normed vector space.
Definition 2.2. Let K be a valued field and V a normed vector space over K. A
set of vectors {b1, . . . , br} of V is orthogonal if, for all γ1, . . . , γr ∈ K,∥∥∥∥∥
r∑
i=1
γibi
∥∥∥∥∥ ≥ maxi ‖γibi‖.
An orthogonal set of vectors {b1, . . . , br} is orthonormal if ‖bi‖ = 1 for all i.
For an r-dimensional normed vector space, the presence of an orthogonal basis
allows to compare its unit ball with an ellipsoid in the standard normed vector
space Kr.
Lemma 2.3. Let (K, | · |) be a valued field and (V, ‖ · ‖) a normed vector space over
K of finite dimension r. Suppose that there is an orthogonal basis b = {b1, . . . , br}
of V and let φb : V → Kr be the induced isomorphism.
(1) Suppose that | · | is Archimedean and consider the ellipsoid
E =
{
(γ1, . . . , γr) ∈ Kr
∣∣∣ r∑
i=1
|γi|2‖bi‖2 ≤ 1
}
.
Then r−1E ⊂ φb(V ◦) ⊂
√
rE.
(2) Suppose that | · | is associated to a nontrivial discrete valuation with uni-
formizer ̟. Let αi ∈ K such that ‖bi‖ ≤ |αi| < |̟|−1‖bi‖. Then the
vectors {α−11 b1, . . . , α−1r br} form a basis of V ◦. In particular, if we con-
sider the set
E =
{
(γ1, . . . , γr) ∈ Kr
∣∣ max
i
|γi| ‖bi‖ ≤ 1
}
,
then φb(V
◦) = E.
Proof. We consider first the Archimedean case. On the one hand, let x ∈ V ◦ and
write x =
∑
i γibi with γi ∈ K. Then maxi |γi|‖bi‖ ≤ ‖x‖ ≤ 1, since the basis b is
orthogonal. Hence
∑
i |γi|2‖bi‖2 ≤ r, which implies that φb(V ◦) ⊂
√
rE. On the
other hand, let (γ1, . . . , γr) ∈ r−1E and write x =
∑
i γibi for the corresponding
point of V . We have ‖x‖ ≤ rmaxi |γi|‖bi‖ ≤ r(
∑
i |γi|2‖bi‖2)1/2 ≤ 1, which implies
that r−1E ⊂ V ◦.
Now consider the non-Archimedean case. Let x =
∑
i γibi ∈ V . If x ∈ V ◦, then
max
i
|γi| |αi| < |̟|−1max
i
|γi|‖bi‖ ≤ |̟|−1
∥∥∥∑
i
γibi
∥∥∥ ≤ |̟|−1.
Since the first inequality is strict, this implies that maxi |γi| |αi| ≤ 1, hence γiαi ∈
K◦ and so V ◦ ⊂ ∑iK◦α−1i bi. Conversely, let x ∈ ∑iK◦α−1i bi. Then ‖x‖ ≤
maxi |α−1i |‖bi‖ ≤ 1, which proves the reverse inclusion. 
The notion of orthogonality on general normed vector spaces is delicate in the
Archimedean case. By contrast this notion behaves nicely in the non-Archimedean
case. For instance, if (V, ‖ · ‖) is a normed vector space of dimension r over a
non-Archimedean valued field and {b1, . . . , br} is a orthogonal basis of V , then
(2.4)
∥∥∥∥∥
r∑
i=1
γibi
∥∥∥∥∥ = maxi ‖γibi‖.
Moreover, orthogonal bases always exist in the non-Archimedean case.
Proposition 2.5. Let (V, ‖ · ‖) be a normed vector space of dimension r over a
non-Archimedean valued field (K, | · |). Then there exists an orthogonal basis of V .
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Proof. When K is locally compact, the proof can be found in [Wei74, Proposi-
tion II.3]. For completeness we include a proof for an arbitrary discrete valuation.
Let |K×| be the set of nonzero values ofK. This is a discrete subgroup of R>0. It
can be verified that, if x1, . . . , xk are nonzero vectors of V such that the norms ‖xi‖
belong to different cosets with respect to |K×|, then these vectors are orthogonal.
Since orthogonal vectors are linearly independent, we deduce that the set of norms
‖V \ {0}‖ is a finite union of at most r cosets of |K×|. Hence, this is a discrete
subset of R>0.
Let now b1, . . . , br be a basis of V . We construct a orthogonal basis inductively.
Put e1 = b1. For 2 ≤ k ≤ r−1, assume that we have already chosen a set e1, . . . , ek
of orthogonal vectors that span the same subspace as b1, . . . , bk. Choose a vector
ek+1 = bk+1 +
∑k
j=1 λjej with the property that
(2.6) ‖ek+1‖ = inf
{∥∥∥bk+1 + k∑
j=1
λjej
∥∥∥ ∣∣∣ λ1, . . . , λk ∈ K}.
This vector exists because of the discreteness of ‖V \ {0}‖. Condition (2.6) implies
that the set e1, . . . , ek+1 is orthogonal. 
Corollary 2.7. The unit ball V ◦ is a free K◦-module of rank r.
Proof. By Proposition 2.5, V admits an orthogonal basis. Thus, the statement
follows from Lemma 2.3(2). 
In the Archimedean case, a norm is determined by its unit ball. This is not
true in the discrete valuation case. For a normed space (V, ‖ · ‖) over a valued field
(K, | · |), the norm associated to the unit ball is defined, for x ∈ V , as
(2.8) ‖x‖V ◦ = inf{|α| | α ∈ K,x ∈ αV ◦}
In general, ‖x‖ ≤ ‖x‖V ◦ . Following [Gau09], we say that the normed space (V, ‖ ·‖)
is pure if ‖x‖ = ‖x‖V ◦ for all x ∈ V . The purification of (V, ‖ · ‖) is the normed
vector space (V, ‖ · ‖V ◦).
All normed spaces over an Archimedean field are pure. In the non-Archimedean
case, we have the following criterion.
Proposition 2.9. Let (V, ‖ · ‖) be a normed space over a non-Archimedean valued
field (K, | · |). Then the following conditions are equivalent:
(1) (V, ‖ · ‖) is pure;
(2) ‖V ‖ = |K|;
(3) there exists an orthonormal basis of V ;
(4) every K◦-basis of V ◦ is orthonormal.
Proof. Since the valuation is discrete, we have that
‖x‖V ◦ = min{t ∈ |K| | t ≥ ‖x‖}.
The equivalence of (1) and (2) follows easily from this. The fact that (3) implies
(2) is clear, whereas the reverse implication follows from Proposition 2.5. By Corol-
lary 2.7, V ◦ admits a K◦ basis, and so (4) implies (3). Thus, it only remains to
show that (1) implies (4).
Consider Kr with its standard structure of normed vector space as in Exam-
ple 2.1. With this structure, the standard basis is orthonormal. Let b = {b1, . . . , br}
be a K◦-basis of V ◦ and φb : V → Kr the isomorphism given by this basis. The
image of V ◦ by this isomorphism is the unit ball of Kr. Therefore, if V is pure, φb
is an isometry and b is an orthonormal basis. 
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Partly following [Gau09], we introduce a notion of adelic vector space. As Gau-
dron points out, this notion extends that of Hermitian vector bundle, which is at
the base of Arakelov geometry.
Definition 2.10. Let (K,M) be an adelic field. An adelic vector space over (K,M)
is a pair V = (V, {‖·‖v}v∈M) where V is a vector space over K and, for each v ∈M,
‖ · ‖v is a norm on the completion Vv := V ⊗ Kv, satisfying, for each x ∈ V \ {0},
that ‖x‖v = 1 for all but a finite number of v.
Let V be an adelic vector space over (K,M). An element x ∈ V is small if
‖x‖v ≤ 1 for all v ∈M. A small element x ∈ V is strictly small if
∏
v∈M ‖x‖nvv < 1.
If S ⊂M is a finite set, then a small element x ∈ V is strictly small on S if ‖x‖v < 1
for all v ∈ S.
The adelic vector space V is called pure if (Vv, ‖ · ‖v) is pure for all v ∈ M.
The purification of V is the adelic vector space V pur = (V, {‖ · ‖v,V ◦v }v). If V is
finite dimensional, it is called generically trivial if there is a K-basis of V that is an
orthonormal basis of Vv for all but a finite number of v. Clearly, if V is generically
trivial, the same is true for its purification.
Note that Gaudron’s definition of adelic vector space includes the condition of
being generically trivial.
Example 2.11. Let K be a global field and r ≥ 0. The standard structure of
adelic vector space on Kr is defined by choosing the standard norm on Krv for each
place v ∈ MK, as explained in Example 2.1. The obtained adelic vector space is
pure and generically trivial.
Example 2.12. Let K be a global field. A normed vector bundle is:
(1) when K is a number field, a locally free OK-module E , together with the
choice of a norm ‖ · ‖v on E ⊗Kv for each Archimedean place v;
(2) when K = K(B) is the function field of a smooth projective curve, a locally
free OB-module E .
To a normed vector bundle E , we associate the adelic vector space E = (E, {‖ ·‖v})
given by the vector space E = E ⊗ K, the given norm for each Archimedean place
v ∈MK, and the norm
‖x‖v = inf{|α|v | α ∈ K, x ∈ αEv},
for each non-Archimedean place v. Clearly, this adelic vector space is pure and
generically trivial.
The previous example covers all cases of pure and generically trivial adelic vector
spaces over a global field.
Proposition 2.13. Let V be a finite dimensional adelic vector space over a global
field. Assume that V is pure and generically trivial. Then, it is the adelic vector
space associated to a normed vector bundle.
Proof. We give the proof of this statement for the case of function fields only, the
case of number fields being analogous. Let K = K(B) for a smooth projective
curve B. For each open subset U ⊂ B, we write
EV (U) = {x ∈ V | ‖x‖v ≤ 1, ∀v ∈ U}.
Clearly, EV is a sheaf of OB-modules. Let v0 ∈ B and choose a K◦v0-basis b of V ◦v0 .
Since V is generically trivial, there is a basis e of V that is an orthonormal basis of
V v for all but a finite number of places v. Let U be the subset of B containing the
generic point, the point v0, and all the closed points v ∈ B such that det(e/b) is a
unit of K◦v. Then, U is a neighbourhood of v0 such that b is a K
◦
v-basis of V
◦
v for
all closed points v ∈ U . This shows that EV is locally free.
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Since V is pure, its norms agree with the norms induced by EV , which completes
the proof. 
Definition 2.14. Let V be an adelic vector space over a global field K. The set of
small elements of V is denoted by Ĥ0(V ). We further write
ĥ0(V ) =
{
log(#Ĥ0(V )) if K is a number field,
log(ck) dimk(Ĥ
0(V )) if K is a function field.
If K is a function field over a finite field, then ĥ0(V ) = log(#Ĥ0(V )) since
ck = #k. Thus, both definitions agree for A-fields.
Example 2.15. Let K be a global field and c = (cv)v an MK-divisor. We define a
normed vector space V (c), given by V (c) = K and ‖α‖v = c−1v |α|v. Then V (c) is a
pure and generically trivial adelic vector space over K. Moreover, Ĥ0(V (c)) = L̂(c)
and ĥ0(V (c)) = l̂(c).
When K is a function field and the adelic vector space comes from a normed
vector bundle, the sets Ĥ0(V ) can be interpreted as the space of global sections of
the model defining the metric.
Example 2.16. Let K = K(B) be the function field of a smooth projective curve
with the structure of global field given by Example 1.3. Let E be a locally free
OB-module and E the associated adelic vector space as in Example 2.12. Then
there is a canonical isomorphism
H0(B, E) ≃ Ĥ0(E),
given by restriction to the generic fibre. In particular,
(2.17) ĥ0(E) = log(ck)h
0(B, E).
We next recall the definition of the Euler characteristic of an adelic vector space.
For general function fields, the definition differs from that for A-fields since, in that
case, we do not dispose of a Haar measure on the corresponding space of adeles.
Definition 2.18. Let K be a global field and V a generically trivial adelic vector
space over K of finite dimension r.
Assume first thatK is a number field. Let A be its ring of adeles, set VA = V⊗KA,
and consider the adelic unit ball
V ◦A =
∏
v
V ◦v ⊂ VA.
Let µ be a Haar measure on KrA. The Euler characteristic of V is defined as
χ̂(V ) = log
( µ(V ◦A )
µ(VA/V )
)
.
This number does not depend on the choice of µ. In other words, the Euler char-
acteristic is the ratio between the volume of the unit ball and the covolume of the
lattice V ⊂ VA.
Next assume that K is a function field. Let b be a basis of V over K and, for
each v ∈ MK, choose a basis bv of V ◦v over K◦v. The Euler characteristic of V is
defined as
(2.19) χ̂(V ) =
∑
v
dK nv log |det(bv/b)|v ,
where bv/b denotes the matrix of bv with respect to the basis b. This quantity does
not depend on the choices of bases because of the product formula.
In both cases, the formula makes sense because the adelic vector space is gener-
ically trivial.
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Remark 2.20. Let K be a number field and V an adelic vector space overK of finite
dimension r. With notations as in Definition 2.18, for each Archimedean place v ,
we consider the Lebesgue measure µv on K
r
v. Therefore, for v real, µv((K
r
v)
◦) = 2r
whereas, for v complex, µv((K
r
v)
◦) = πr. We choose a basis b of V over K and, for
each non-Archimedean v, we also choose a basis bv of V
◦
v over K
◦
v. Then
(2.21) χ̂(V ) =
∑
v|∞
log(µv(φb,v(V
◦
v ))) +
∑
v∤∞
dK nv log | det(bv/b)|v,
where φb,v : Vv → Krv is the isomorphism induced by the basis b. This is the
analogue for number fields of formula (2.19).
When V is an adelic vector space over a function field coming from a normed
vector bundle, its Euler characteristic coincides with the Euler characteristic of the
associated model, up to an additive constant.
Example 2.22. Let π : B → C be a dominant morphism of smooth projective
curves over a field k and consider the function field K = K(B) with the structure
of global field as in Example 1.3. Let E be a locally free OB-module of rank r and
E the associated generically trivial adelic vector space as in Example 2.12. Choose
a K-basis b of E and a K◦v-basis bv of E
◦
v for each v ∈MK. Then
χ̂(E) =
∑
v
dK nv log | det(bv/b)|v =
∑
v
ev[k(v) : k] log
(
c
−ordv(det(bv/b))
ev
k
)
= log(ck)
∑
v
[k(v) : k]ordv(det(b/bv)) = log(ck) deg(E),
where ev denotes the ramification index of v over π(v). The Riemann-Roch theorem
for vector bundles on curves then implies
χ̂(E) = log(ck)(χ(E) + r(g(B)− 1)),
where χ(E) is the Euler characteristic of E and g(B) is the genus of B.
The space of small elements and the Euler characteristic of an adelic vector space
depend only on its purification, as it follows immediately from the definitions.
Proposition 2.23. Let V be a generically trivial adelic vector space over a global
field. Then
Ĥ0(V ) = Ĥ0(V pur), χ̂(V ) = χ̂(V pur).
The presence of an orthogonal basis allows us to estimate the Euler characteristic
of an adelic vector space.
Proposition 2.24. Let V be a generically trivial adelic vector space over a global
field K of finite dimension r. Let b = {b1, . . . , br} be a basis of V over K which
is an orthogonal basis of Vv for all v ∈ MK. Let S ⊂ MK be the finite set of
non-Archimedean places such that ‖bi‖v 6= 1 for some i. Then∣∣∣∣∣χ̂(V )− ∑
v∈MK
r∑
i=1
dK nv log(‖bi‖−1v )
∣∣∣∣∣ ≤ dK r( log(r) + log π +∑
v∈S
nvλv
)
.
Proof. We consider the case when K is a number field. We will freely use the
notation in Remark 2.20. Let v be an Archimedean place and consider the ellipsoid
Ev = {(γ1, . . . , γr) ∈ Krv |
∑
i |γi|2v‖bi‖2v ≤ 1}. When v is real, the volume of this
ellipsoid is µv(Ev) = 2
r
∏
i ‖bi‖−dKnvv whereas, when v is complex, it is µv(Ev) =
πr
∏
i ‖bi‖−dKnvv . Lemma 2.3(1) then implies
(2.25) − r log(r) ≤ log(µv(φb,v(V ◦v )))−
∑
i
dKnv log(‖bi‖−1v ) ≤
r log(r)
2
+ r log π.
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Now let v be a non-Archimedean place. Let αv,i ∈ Kv such that ‖bi‖v ≤ |αv,i|v <
|̟v|−1v ‖bi‖v for v ∈ S and αv,i = 1 for v /∈ S. By Lemma 2.3(2), the vectors
bv,i := α
−1
v,ibi, i = 1, . . . , r, form a basis of V
◦
v and | det(bv/b)|v =
∏
i |αv,i|−1v .
Hence, for v ∈ S,
(2.26) − rλv ≤ log | det(bv/b)|v −
∑
i
log(‖bi‖−1v ) ≤ 0,
whereas log | det(bv/b)|v =
∑
i log(‖bi‖−1v ) = 0 for v /∈ S. Adding up (2.25) and
(2.26) and using the formula (2.21), we conclude that
−dK r
(
log(r)+
∑
v∈S
nvλv
)
≤ χ̂(V )−
∑
v
∑
i
dK nv log(‖bi‖−1v ) ≤ dK r(log(r)+log π).
The case of a function field follows similarly by applying Lemma 2.3(2). The
resulting upper bound is better, since it does not have the term log(r) + log π. 
3. Metrized R-divisors
In this section, we introduce the basic definitions concerning metrized R-divisors
and the problems we are interested in. We start by recalling the geometric analogues
for R-divisors. Details on the theory of R-divisors can be found in [Laz04].
Let K be a field and X a proper normal variety over K of dimension n. We
denote by Car(X) and Div(X) the groups of Cartier divisors and of Weil divisors
of X , respectively. The spaces of R-divisors and of R-Weil divisors of X are defined
as
Car(X)R = Car(X)⊗Z R, Div(X)R = Div(X)⊗Z R.
Thus, an R-Cartier divisor on X is a formal linear combination
∑
i αiDi with
αi ∈ R and Di ∈ Car(X), and similarly for an R-Weil divisor. In this text, we will
be mainly concerned with Cartier divisors and R-Cartier divisors and so we will
call them just divisors and R-divisors, for short.
Since X is normal, there is an injective morphism Car(X) →֒ Div(X). Then, the
fact that Div(X) is a free Abelian group implies that the maps Car(X)→ Car(X)R
and Car(X)R → Div(X)R are injective. Given an R-divisor D on X , its support is
defined as the support of the associated R-Weil divisor and is denoted by |D|.
Let K(X)× be the multiplicative group of nonzero rational functions of X and
set K(X)×R := K(X)
×⊗ZR. The map div : K(X)× → Car(X) extends by linearity
to a map K(X)×R → Car(X)R, also denoted by div.
The spaces of nonzero global sections and global R-sections of an R-divisor D on
X are respectively defined as
Γ(X,D)× = {(f,D) | f ∈ K(X)×, div(f) +D ≥ 0},
Γ(X,D)×R = {(f,D) | f ∈ K(X)×R , div(f) +D ≥ 0}.
The spaces of nonzero rational sections and rational R-sections ofD are respectively
defined as
Rat(X,D)× := K(X)× × {D}, Rat(X,D)×R := K(X)×R × {D}.
For s = (f,D) ∈ Rat(X,D)×R , we write
div(s) = div(f) +D ∈ Car(X)R.
Let L(D) = Γ(X,D)× ∪ {(0, D)} be the Riemann-Roch space of D. Note that,
contrary to the usual convention, we have added the label “D” to the elements of
L(D). This is a K-vector space and we set l(D) = dimK(L(D)) for its dimension.
The volume of D is defined as
vol(X,D) = lim sup
ℓ→∞
l(ℓD)
ℓn/n!
.
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Let Y be a d-dimensional subvariety of X and D1, . . . , Dd a family of R-divisors
on X . The intersection product (D1 · · ·Dd · Y ) is defined by multilinearity from
the intersection product of Y with divisors. The degree of Y with respect to an
R-divisor D is degD(Y ) = (D
d · Y ).
An R-divisor is ample (respectively big, effective) if it is a linear combination of
ample (respectively big, effective) divisors with positive coefficients. Given divisors
D1 and D2, the condition that D1 − D2 is effective is denoted by D1 ≥ D2. An
R-divisor D on X is nef if degD(C) ≥ 0 for every curve C ⊂ XK . It is pseudo-
effective if there exists a birational map ϕ : X ′ → X of normal proper varieties
over K and a divisor E on X ′ such that ℓϕ∗D + E is big for all ℓ ≥ 1.
Remark 3.1. The definition of pseudo-effective given here differs from the one
in [Laz04, Definition 2.2.25] because we are not assuming that the variety X is
projective. For projective normal varieties, both definitions are equivalent.
We now introduce metrized divisors and metrized R-divisors on varieties over
global fields. Throughout the rest of this section, X will be a normal proper variety
over a global field K of dimension n. For each place v ∈ MK, we denote by Xanv
the v-adic analytification of X . In the Archimedean case, Xanv is an analytic space
over R or C while, in the non-Archimedean case, it is a Berkovich space (see for
instance [BPS11, §1.1 and 1.2]). Similarly, a line bundle L on X defines a collection
of analytic line bundles {Lanv }v∈MK .
Following loc. cit., all considered metrics will be continuous, by definition. For
v ∈ MK, a metric ‖ · ‖v on Lanv is semipositive if it is the uniform limit of a se-
quence of semipositive smooth (respectively algebraic) metrics in the Archimedean
(respectively non-Archimedean) case. The metric ‖ · ‖v is DSP if it is the quotient
of two semipositive ones. A metric on L is, by definition, an adelic collection of
metrics ‖ · ‖v on Lanv , v ∈MK . Such a collection is quasi-algebraic if there is an
integral model which defines the metric ‖ · ‖v except for a finite number of v. We
refer to [BPS11, §1.1, 1.3 and 1.4] for the precise definitions and more details.
Definition 3.2. For v ∈ MK, a v-adically metrized divisor on X is a pair D =
(D, ‖ · ‖) formed by a divisor and a metric on the analytic line bundle O(D)anv . We
say that D is smooth (in the Archimedean case), algebraic (in the non-Archimedean
case), or semipositive (smooth or algebraic) if so is the metric ‖·‖. The v-adic Green
function of D is the function gD : X
an
v \ |D| → R given by
gD(p) = − log ‖sD(p)‖,
where sD is the canonical section of O(D). The space of all v-adically metrized
divisors on X is denoted by Ĉar(X)v.
A quasi-algebraic metrized divisor on X is a pair D = (D, {‖ · ‖v}v∈MK) formed
by a divisor D and a quasi-algebraic metric on the line bundle O(D). The space of
quasi-algebraic metrized divisors on X is denoted by Ĉar(X).
Definition 3.3. Let X be a proper normal variety over K. The space of quasi-
algebraic metrized R-divisors on X is the quotient
Ĉar(X)R = Ĉar(X)⊗Z R
/
∼
where ∼ is the equivalence relation given by ∑i αiDi ∼ ∑j βjEj if and only if∑
i αiDi =
∑
j βjEj and, for each v ∈MK, there is a dense open subset Uv of Xanv
such that ∑
i
αigDi,v(p) =
∑
j
βjgEj ,v(p) for p ∈ Uv.
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The function
∑
i αigDi,v : Uv → R is called the v-adic Green function of D. An
element of D ∈ Ĉar(X)R is called a quasi-algebraic metrized R-divisor or, for short,
a metrized R-divisor.
For v ∈ MK, we can similarly define the space of v-adically metrized R-divisors
on X , denoted by Ĉar(X)v,R. A v-adically metrized R-divisor D is called smooth
or algebraic if it can be written as D =
∑
αiDi with Di ∈ Ĉar(X)v smooth or
algebraic, respectively. In each of these cases, it is called semipositive (smooth or
algebraic) if it can be written as D =
∑
αiDi, with αi > 0 and Di ∈ Ĉar(X)v
semipositive (smooth or algebraic).
A rational function f ∈ K(X)× defines a metrized divisor
d̂iv(f) = (div(f), {‖ · ‖f,v}v∈MK),
where {‖ · ‖f,v}v is the metric on the line bundle O(div(f))anv = OXanv given by‖λ(p)‖f,v = |λ(p)|v for λ ∈ OXanv and p ∈ Xanv . Hence, for v ∈ MK, the v-adic
Green function of d̂iv(f) is the function given by g
d̂iv(f),v
(p) = − log |f(p)|v.
This construction defines a group morphism from d̂iv : K(X)× → Ĉar(X), which
extends by linearity to a group morphism
d̂iv : K(X)×R −→ Ĉar(X)R.
Lemma 3.4. Let v ∈MK and (D, ‖ · ‖) a v-adically metrized R-divisor on X. Let
r ≥ 1 and consider a decomposition D =∑ri=1 αiDi with αi ∈ R and Di ∈ Car(X).
Then there are metrics ‖ · ‖i on O(Di)anv , i = 1, . . . , r, such that
(D, ‖ · ‖) =
r∑
i=1
αi (Di, ‖ · ‖i).
Proof. Set D = (D, ‖ · ‖) and let D =∑lj=1 βjEj be a decomposition with βj ∈ R
and Ej ∈ Ĉar(X)v. We first consider the case when the decomposition is D = 0.
Let {γ1, . . . , γr} be a basis of the Q-vector space generated by the numbers
β1, . . . , βl. Write βj =
1
m
∑s
i=1 ni,jγi with ni,j ∈ Z and m ∈ Z≥1. Then
D =
1
m
s∑
i=1
γiF i
with F i =
∑
j ni,jEj ∈ Ĉar(X)v. Since D = 0 and γ1, . . . , γs are linearly in-
dependent over Q, we deduce that Fi = 0 for all i. Since O(0)anv = OXanv , to
give a metric ‖ · ‖ on this line bundle is equivalent to give the continuous function
‖1‖ : Xanv → R>0. Therefore, we can gather together the different metrics ‖ · ‖Fi on
O(Fi)anv with their coefficients, into a single metric on OXanv given by
‖1‖ =
r∏
i=1
‖1‖γi/mFi .
Then D = (0, ‖ · ‖), which finishes the proof in this case.
We now consider the general case. Choose metrics ‖ · ‖′1 on O(D1)anv and
‖ · ‖i on O(Di)anv , i = 2, . . . , r, and denote by D
′
1 and Di the corresponding v-
adically metrized divisors. By applying the previous case to the metrized R-divisor∑
j βjEj − α1D
′
1 −
∑r
i=2 αiDi, we obtain a metric ‖ · ‖0 on the trivial line bundle.
Finally, we define a new metric on O(D1)anv by ‖ · ‖1 = ‖1‖1/α10 ‖ · ‖′1 and we set
D1 = (D1, ‖ · ‖1). Hence D =
∑r
i=1 αiDi, proving the result. 
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LetD be a v-adically metrized R-divisor onX and s = (f,D) a rational R-section
of D. Consider the function ‖s‖ given by
‖s(p)‖ = |f(p)|v e−gD(p),
where, if f =
∏
i f
αi
i , then |f(p)|v is defined as
∏
i |fi(p)|αiv . This function is well-
defined on a dense open subset of Xanv . The following result shows that it can be
extended everywhere outside the support of div(s).
Proposition 3.5. Let v ∈ MK and D a v-adically metrized R-divisor on X. Let
s = (f,D) ∈ Rat(X,D)×R . Then ‖s‖ can be extended to a continuous function from
Xanv \ | div(s)| to R>0.
In particular, the v-adic Green function gD can be extended to a continuous
function from Xanv \ |D| to R.
Proof. Write D =
∑r
i=1 αiDi and f =
∏k
j=1 f
βj
j with αi, βj ∈ R, Di ∈ Ĉar(X)v
and fj ∈ K(X)×. Let {γl}l be a basis of the Q-linear space generated by the
numbers α1, . . . , αr, β1, . . . , βk and write
D =
∑
l
γl
m
El, f =
∏
l
g
γl/m
l
with m ∈ Z≥1, El ∈ Car(X) and gl ∈ K(X)×. The pair sl = (gl, El) defines a
rational section of the Cartier divisor El. We have | div(s)| =
⋃
l | div(sl)| because
the γl are Q-linearly independent.
By Lemma 3.4, there are v-adic metrics ‖ · ‖l on each El such that
D =
∑
l
γl
m
El
with El = (El, ‖ · ‖l). The function ‖sl‖l is continuous from Xanv \ | div(sl)| to R>0
and there is an open dense subset Uv ⊂ Xanv such that, for p ∈ Uv,
‖s(p)‖ =
∏
l
‖sl(p)‖γl/ml .
This latter function is well-defined outside
⋃
l | div(sl)| = | div(s)| and gives the
sought extension of ‖s‖. The second statement follows from the first one applied
to the canonical section sD = (1, D). 
The definition below introduces the notion of v-adic metric of an R-divisor di-
rectly, without passing through v-adic metrics on divisors as in Definition 3.3. The
following proposition shows that both points of view are equivalent.
Definition 3.6. Let D be an R-divisor on X and v ∈MK.
(1) A v-adic Green function on D is a continuous function g : Xanv \ |D| → R
such that, for each point p ∈ Xanv and a rational R-section s = (f,D) with
p 6∈ | div(s)|, the function g(p)− log |f(p)|v can be extended to a continuous
function in a neighbourhood of p.
(2) A v-adic metric on D is an assignment that, to each rational R-section s
associates a continuous function ‖s‖ : Xanv \ | div(s)| → R>0 such that, for
each λ ∈ K(X)×R , it holds ‖(λs)(p)‖ = |λ(p)|v‖s(p)‖ on an open dense
subset of Xanv .
Proposition 3.7. Let D be an R-divisor on X and v ∈ MK. It is equivalent to
choose a v-adically metrized R-divisor D over D, to choose a v-adic Green function
for D, or to choose a v-adic metric on D.
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Proof. Let D be a v-adically metrized R-divisor overD. The fact that gD is a v-adic
Green function for D in the sense of Definition 3.6(1) follows from Proposition 3.5.
Now, if g is a v-adic Green function for D, the assignment that to each s =
(f,D) ∈ Rat(X,D)×R associates the function
‖s(p)‖v = |f(p)|v e−g(p)
is a metric on D in the sense of Definition 3.6(2)
Let now ‖ · ‖ be a metric on D. Choose a decomposition D = ∑i αiDi with
αi ∈ R and Di ∈ Car(X). For each i, choose a metric ‖ · ‖i on O(Di). Let
f ∈ K(X)× and si = (fi, Di) ∈ Rat(X,Di)×R and s = (f
∏
i f
αi
i , D) ∈ Rat(X,D)×R .
It is easy to check that the formula
‖(f, 0)‖ = ‖s‖ ·
∏
i
‖si‖−αi
defines a metric on the trivial line bundle OXanv . Denote by 0 the zero divisor
equipped with this metric. Then D =
∑
αiDi+0 is a v-adically metrized R-divisor
in the sense of Definition 3.3.
If we apply cyclically this three constructions starting at any point, we obtain
the identity, showing the equivalence of the three points of view. 
Remark 3.8. Since the points of view of metrized R-divisors, Green functions and
metrics are equivalent, we will apply the introduced terminology to any of them.
For instance, it makes sense to talk of algebraic or smooth metrics on an R-divisor.
LetD be an R-divisor onX and v ∈MK. There is a natural action of C0(Xanv ,R),
the space of real-valued continuous functions on Xanv , on the space of v-adic metrics
on D. This action is given, for f ∈ C0(Xanv ,R), by the formula ‖ · ‖ 7→ ef ‖ · ‖. By
Proposition 3.7, this action might be equivalently written in terms of v-adic Green
functions as gD 7→ gD − f. From this description, the following corollary follows
immediately.
Corollary 3.9. Let D ∈ Car(X)R and v ∈ MK. The action of C0(Xanv ,R) on the
space of v-adic metrics on D is free and transitive.
Given two v-adic metrics ‖ · ‖ and ‖ · ‖′ on D, the difference of their Green
functions gD,‖·‖ − gD,‖·‖′ extends to a continuous function on Xanv . The distance
between ‖ · ‖ and ‖ · ‖′ is defined as
dist(‖ · ‖, ‖ · ‖′) = sup
p∈Xanv
∣∣gD,‖·‖(p)− gD,‖·‖′(p)∣∣.
Corollary 3.10. Let D ∈ Car(X)R and v ∈ MK. The space of v-adic metrics
on D is complete with respect to the topology defined by dist.
Proof. This follows immediately from Corollary 3.9 and the fact that the space
C0(Xanv ,R) is complete with respect to the uniform convergence of functions. 
Definition 3.11. Let D be an R-divisor on X . For v ∈ MK, a v-adic metric ‖ · ‖
on D is semipositive if it is the limit of a sequence of semipositive smooth (in the
Archimedean case) or algebraic (in the non-Archimedean case) metrics on D.
A quasi-algebraic metric {‖ ·‖v}v∈MK on D is semipositive if ‖ ·‖v is an semipos-
itive v-adic metric for all v. A quasi-algebraic metrized R-divisor is DSP if there
are semipositive metrized R-divisors D1, D2 on X such that D = D1 −D2.
Let Y be a d-dimensional cycle on X and v ∈ MK. Let Di, i = 0, . . . , d,
be semipositive v-adically metrized R-divisors on X such that D0, . . . , Dd meet Y
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properly in the sense that, for all I ⊂ {0, . . . , d}, every component of the intersection
Y ∩
⋂
i∈I
|Di|
is of dimension d−#I. The v-adic height of Y with respect to D0, . . . , Dd, denoted
hD0,...,Dd(Y ), is defined by multilinearity and continuity from the local height of
a cycle with respect to semipositive line bundles [BPS11, Definition 1.4.9]. These
v-adic heights satisfy the Be´zout formula
(3.12) hD0,...,Dd(Y ) = hD0,...,Dd−1(Y ·Dd)
−
∫
Xanv
log ‖sDd‖ c1(D0) ∧ · · · ∧ c1(Dd−1) ∧ δY ,
where c1(D0)∧ · · ·∧ c1(Dd−1)∧ δY is the measure on Xanv defined by multilinearity
and continuity from the corresponding measures associated to semipositive (smooth
or algebraic) metrized line bundles.
For semipositive metrized R-divisors Di ∈ Car(X)R, i = 0, . . . , d, the global
height of Y with respect to D0, . . . , Dd, denoted by hD0,...,Dd(Y ), can be defined
from local heights similarly as in Definition 1.5.6 of loc. cit.. If D0, . . . , Dd meet Y
properly, then
hD0,...,Dd(Y ) =
∑
v∈MK
nv hv,D0,...,Dd(Y )
with hv,D0,...,Dd(Y ) := h(D0,‖·‖v),...,(Dd,‖·‖v)(Y ). Finally, the notions of local and
global heights of cycles extend to DSP metrized R-divisors by multilinearity.
Next, we define arithmetic linear series, arithmetic volume and χ-arithmetic
volume of a metrized R-divisor D on X , extending to our framework the previous
definitions by Moriwaki and Yuan. Let s ∈ Γ(X,D)× be a nonzero global section
of D. For each place v, the function ‖s‖v : Xanv \ | div(s)| → R>0 can be extended
to a continuous function Xanv → R≥0 because div(s) is effective. We set
‖s‖v,sup = sup
p∈Xanv
‖s(p)‖v.
This induces a v-adic norm on the Kv-vector space L(D) ⊗ Kv. The collection
of norms {‖ · ‖v,sup}v gives a structure of generically trivial adelic vector space on
L(D), that we denote by L(D). The small (respectively strictly small, strictly small
on a set of places) elements of L(D) will be called small (respectively strictly small,
strictly small on a set of places) sections. We write L̂(D) = Ĥ0(L(D)) for the set of
small sections of L(D) and we also set l̂(D) = ĥ0(L(D)) (Definition 2.14). Hence,
l̂(D) =
{
log(# L̂(D)) if K is a number field,
log(ck) dimk(L̂(D)) if K is a function field.
Definition 3.13. The arithmetic volume and the χ-arithmetic volume of a metrized
R-divisor D on X are respectively defined as
v̂ol(X,D) =
1
dK
lim sup
ℓ→∞
l̂(ℓD)
ℓn+1/(n+ 1)!
,
v̂olχ(X,D) =
1
dK
lim sup
ℓ→∞
χ̂(L(ℓD))
ℓn+1/(n+ 1)!
.
Remark 3.14. For metrized divisors on a variety over a number field, the lim sup
in the above definition is actually a limit [BC11, Theorems 2.8 and 3.1]. We will
not use this fact in this text.
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By extension, a global R-section s ∈ Γ(X,D)×R is called small if ‖s‖v,sup ≤ 1 for
all v ∈MK. The set of small elements of Γ(X,D)×R is denoted by Γ̂(X,D)×R .
A small R-section s of D is called strictly small if
∏
v ‖s‖nvv,sup < 1. If S ⊂ MK
is a finite set of places, the R-section s is strictly small on S if ‖s‖v,sup < 1 for all
v ∈ S.
Lemma 1.11 has the following useful consequence for the existence of small R-
sections which are strictly small on a given set of places.
Proposition 3.15. Let D be a metrized R-divisor on X and s ∈ Γ(X,D)×R a global
R-section such that ∏
v∈MK
‖s‖nvv,sup < 1.
Let S ⊂MK be a finite subset and 0 < η ≤ 1 a real number. Then there is an integer
ℓ0 ≥ 1 such that, for each ℓ ≥ ℓ0, there exists αℓ ∈ K× such that ‖αℓsℓ‖v,sup ≤ 1
for all v ∈MK and ‖αℓsℓ‖v,sup < η for all v ∈ S.
In particular, αℓs
ℓ ∈ Γ̂(X, ℓD)×R is strictly small on S.
Proof. This follows by applying Lemma 1.11 to the real numbers γv = ‖s‖v,sup. 
Lemma 3.16. Let D be a metrized divisor on X. If D has a strictly small R-
section s, then there exists a positive integer ℓ such that ℓD has a strictly small
section s0 with | div(s0)| = | div(s)|.
Proof. Write s = (f,D) with f =
∏d
i=1 f
αi
i where α1, . . . , αd are Q-linearly inde-
pendent real numbers and α1 ∈ Q. The associated R-Weil divisor can be written
down as [div(s)] =
∑
j rjZj with rj > 0 and Zj an irreducible hypersurface. Then
| div(s)| =
⋃
j
Zj = |α1 div(f1) +D| ∪
d⋃
i=2
| div(fi)|.
Let σ : Rd−1 → Rat(X,D)×R be the map defined by
σ(β2, . . . , βd) =
(
fα11 ·
d∏
i=2
f
βj
i , D
)
.
Then, for each β ∈ Rd−1, [div(σ(β))] =∑j rj(β)Zj where rj is an affine function.
Consider the open polyhedral set
Λ = {β ∈ Rd−1 | rj(β) > 0 for all j}.
This set is nonempty because (α2, . . . , αd) ∈ Λ. Let τ : Λ → R be the function
defined by
τ(β) =
∏
v
‖σ(β)‖nvsup,v.
For v ∈MK, β, β′ ∈ Λ and 0 ≤ θ ≤ 1,
‖σ(θβ + (1− θ)β′)‖sup,v ≤ ‖σ(β)‖θsup,v‖σ(β′)‖1−θsup,v.
From this, we deduce that τ is log-concave on Λ and, a fortiori, continuous. Since
τ(α2, . . . , αd) < 1, there exists β ∈ Λ ∩ Qd−1 such that τ(β) < 1. By Proposi-
tion 3.15, there exists γ ∈ K× and a positive integer ℓ such that s0 = γ σ(β)ℓ is a
strictly small section of ℓD. By construction,
| div(s0)| =
⋃
j
Zj = | div(s)|,
as stated. 
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We introduce the different notions of arithmetic positivity for a metrized R-
divisor.
Definition 3.17. Let X be a proper normal variety over K and D a metrized
R-divisor on X .
(1) D is generated by small R-sections if, for each p ∈ X(K), there exists
s = (f,D) ∈ Γ̂(X,D)×R such that p 6∈ | div(s)|.
(2) D is ample if the following conditions hold:
(a) the R-divisor D is ample;
(b) the metric is semipositive;
(c) for eachM ∈ Ĉar(X)R there exists an ℓ0 such that, for all real numbers
ℓ ≥ ℓ0, the metrized R-divisorM+ℓD is generated by small R-sections.
(3) D is nef if the following conditions hold:
(a) the R-divisor D is nef;
(b) the metric is semipositive;
(c) for every point p ∈ X(K) it holds hD(p) ≥ 0.
(4) D is big if v̂ol(X,D) > 0.
(5) D is pseudo-effective if there exists a birational map ϕ : X ′ → X of normal
proper varieties overK and a metrized R-divisor E on X ′ such that ℓϕ∗D+
E is big for all ℓ ≥ 1.
(6) D is effective if (1, D) ∈ L̂(D). Given R-divisors D1, D2 on X , the fact
that D1 −D2 is effective is denoted by D1 ≥ D2.
The notion of metrized R-divisor contains that of arithmetic R-divisor introduced
by Moriwaki [Mor11c].
Example 3.18. Let X be normal projective flat scheme over Z with smooth generic
fiber X = X ×Spec(Q). An arithmetic R-Cartier divisor on X is a pair D = (D, g)
where D is an R-Cartier divisor on X and g is a locally DSP real function on X(C)
that is invariant under complex conjugation. Let D be the restriction of D to X .
The function g is called a Green function for D of C0-type (respectively C∞-type,
PSH-type) if, for every p ∈ X(C), it can be locally written as
g(x) = u(x) +
k∑
i=1
(−αi) log |fi(x)|2,
where D =
∑k
i=1 αiDi is the decomposition of D into irreducible components, fi
is a local equation for Di, and u is a continuous function (respectively a smooth
function, a plurisubharmonic function). If g is a Green function of C0-type (re-
spectively C∞-type, PSH-type), then D = (D, g) is called an arithmetic divisor of
C0-type (respectively C∞-type, PSH-type).
On the one hand, extending the method of Zhang [Zha95b] (see also [BPS11,
§1.3]) to R-Cartier divisors, the integral model D defines an algebraic v-adic metric
on D for each place v ∈ MQ \ {∞}. On the other hand, if g is a Green function
for D of C0-type, then the function 12g is an ∞-adic Green function for D which,
by Proposition 3.7, induces an ∞-adic metric on D, The factor 1/2 comes from the
different normalization of Green functions in [GS90] and [Bur97].
Therefore, each arithmetic R-divisor D of C0-type defines a quasi-algebraic
metrized R-divisor on X that we denote by D. The metrized R-divisors that arise
in this way are called algebraic.
We now discuss the relationship between the different positivity notions for
arithmetic R-divisors that appear in [Mor11c] and those in the present text. Let
D = (D, g) be an arithmetic R-divisor of C0-type and D its associated algebraic
metrized R-divisor.
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(1) D is of PSH-type if and only the ∞-adic metric induced by its Green
function is semipositive.
(2) If the R-divisor D is relatively nef, then the induced v-adic metrics are
semipositive for all v 6= ∞. The converse of this result is not established
yet, except in the case of equal characteristic zero [BFJ11, Theorem 2.17].
(3) D is effective (respectively big, pseudo-effective) in the sense of [Mor11c] if
and only if D is effective (respectively big, pseudo-effective) in the sense of
Definition 3.17.
(4) If D is nef in the sense of [Mor11c, §6.1] then D is nef in the sense of
Definition 3.17. The converse is not known because the converse of (2) is
not known.
(5) If D is of C∞-type, then it is ample in the sense of [Mor11c, §6.1] if and
only if D is ample in the sense of the present text. However, the definition
of ampleness in loc. cit. includes being of C∞-type, while in the present
text an ample metrized R-divisor is not necessarily of C∞-type.
The following statements contain some of the basic properties of metrized R-
divisors.
Proposition 3.19. Let D be an ample metrized R-divisor on X. Then
(1) D is generated by strictly small R-sections;
(2) for all subvarieties Y of XK, it holds hD(Y ) > 0.
Proof. (1) Let v0 ∈MK and consider the trivial divisor 0 ∈ Car(X) with the metric
defined by ‖1‖v = 1 for v 6= v0 and ‖1‖v0 = 2. By the ampleness of D, there exists
ℓ ≥ 0 such that 0 + ℓD is generated by small R-sections. These small R-sections
are strictly small R-sections of ℓD, which proves the statement.
(2) We prove this by induction on d = dim(Y ). Consider first the case d = 0.
Let Y = {p} where p is a point defined over a finite extension F of K. By (1), there
is a strictly small R-section s of D such that p /∈ | div(s)|. Then
hD(p) = −
∑
w∈MF
nw log ‖s(p)‖w > 0.
Assume now that Y is a subvariety of dimension d ≥ 1 defined over F. Let s be a
strictly small R-section of D which meets Y properly. By Be´zout’s formula (3.12),
hD(Y ) = hD(Y · div s)−
∑
w∈MF
nw
∫
Xanw
log ‖s‖w c1(D, ‖ · ‖w)∧d ∧ δY .
SinceD is ample, Y ·div(s) is a nonzero (d−1)-dimensional effective cycle. Applying
linearity and the induction hypothesis, hD(Y ·div s) > 0. The fact that the metric is
semipositive implies that, for each w ∈MF, the signed measure c1(D, ‖ · ‖w)∧d∧ δY
is positive and its total mass is degD(Y ). Therefore
hD(Y ) > −
∑
w∈MF
nw
∫
Xanw
log ‖s‖w c1(D, ‖ · ‖w)∧d ∧ δY
≥ −
∑
w∈MF
nw log ‖s‖w,sup
∫
Xanw
c1(D, ‖ · ‖w)∧d ∧ δY > 0,
since s is a strictly small R-section and the last integral is equal to degD(Y ) for
all w. 
Remark 3.20. In [Zha95a], Zhang proved a Nakai-Moishezon numerical criterion
of arithmetic ampleness in the form of a converse to Proposition 3.19(2) for Hermit-
ian line bundles, under some technical hypothesis. It would be interesting to know
if such a result is true in full generality for metrized R-divisors. Namely: let D be
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an semipositive metrized R-divisor such that hD(Y ) > 0 for all effective cycles Y
of X . Is it true that D is ample?
Lemma 3.21. Let D be a metrized R-divisor on X.
(1) Let ϕ : Z → X be a birational morphism of normal proper varieties over K.
Then
v̂ol(X,D) = v̂ol(Z,ϕ∗D).
In particular, D is big if and only if ϕ∗D is big.
(2) If D is big and E ∈ Ĉar(X) has a small section, then D + E is big.
(3) If ℓ0D is big for some ℓ0 ≥ 1, then D is big.
Proof. (1) Let s = (f,D) ∈ Γ(X,D)×. Then div(s) = div(f) +D is effective and
so div(ϕ∗s) = ϕ∗ div(s) is also effective. Hence, ϕ∗s = (f ◦ ϕ, ϕ∗D) ∈ Γ(Z,ϕ∗D)×.
Thus, there is a well-defined map
ϕ∗ : Γ(X,D)× → Γ(Z,ϕ∗D)×.
We claim that this map is a bijection. The injectivity is clear because the map
f 7→ f ◦ ϕ is a bijection between K(X)× and K(Z)×. Let now s = (f ◦ ϕ, ϕ∗D) ∈
Γ(Z,ϕ∗D)× and set s′ = (f,D) ∈ Rat(X,D)×. Let [div(s)] be the R-Weil divisor
associated to div(s). Since div(s) is effective, the same is true for [div(s)]. Since X
is normal and Z is proper, for each codimension one point x ∈ X(1) there is a
neighbourhood U of x and a section ψ : U → Z of ϕ [EGA, II, 7.3.5]. This implies
that [div(s′)] is effective. By [EGA, IV, (21.6.9.1)], it follows that div(s′) is effective
and so s′ ∈ Γ(X,D)×, proving the claim.
Given s ∈ Γ(X,D)×, then ‖s‖v,sup = ‖ϕ∗s‖v,sup for all v and so ϕ∗ induces an
isomorphism between L̂(D) and L̂(ϕ∗D). Hence v̂ol(X,D) = v̂ol(Z,ϕ∗D), which
proves the first statement.
(2) Let s0 be a small section of E. There is an injective map
L̂(ℓD) →֒ L̂(ℓ(D + E))
given by s 7→ sℓ0s. Hence, v̂ol(X,D + E) ≥ v̂ol(X,D) and the statement follows.
(3) Assume that ℓ0D is big. We have that
1
dK
lim sup
ℓ→∞
l̂(ℓD)
ℓn+1/(n+ 1)!
≥ 1
dK
lim sup
ℓ→∞
l̂(ℓ0ℓD)
(ℓ0ℓ)n+1/(n+ 1)!
.
Hence, v̂ol(X,D) ≥ v̂ol(X, ℓ0D)/ℓn+10 > 0 and so D is big. 
Proposition 3.22. Let D be a pseudo-effective metrized R-divisor on X, ψ : X ′′ →
X a birational map of normal proper varieties over K, and A an ample metrized
divisor on X ′′. Then ℓψ∗D +A is big for all ℓ ≥ 1.
Proof. By the pseudo-effectiveness of D, there is a birational map ϕ : X ′ → X from
a normal proper variety X ′ and a metrized divisor E on X ′ such that qϕ∗D + E
is big for all q ≥ 1. Consider the fibre product of X ′ and X ′′ over X and the
corresponding commutative diagram of varieties
Y
p1
//
p2

X ′
ϕ

X ′′
ψ
// X
where p1 and p2 are birational maps. Set φ = ϕ ◦ p1. The map φ : Y → X is
birational. Since A is ample, p∗2A is big, which implies that there is an integer
j0 ≥ 1 such that j0p∗2A− p∗1E has a nonzero section s0.
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Let S ⊂ MK be a finite subset such that ‖s0‖sup,v ≤ 1 for all v /∈ S. Let
η = (supv∈S ‖s0‖v,sup)−1. Combining Proposition 3.19(1), Lemma 3.16 and Propo-
sition 3.15, we deduce that there exists j1 ≥ 1 and a small section s1 of j1p∗2A such
that ‖s1‖v,sup < η for v ∈ S. Hence, s1s0 is a small section of (j0 + j1)p∗2A− p∗1E.
Set j2 = j0 + j1. Then
j2(ℓφ
∗D + p∗2A) = (j2ℓφ
∗D + p∗1E) + (j2p
∗
2A− p∗1E).
Since (j2ℓφ
∗D+ p∗1E) = p
∗
1(j2ℓϕ
∗D+E), this is a big metrized R-divisor thanks to
Lemma 3.21(1). Lemma 3.21(2) and the fact that j2p
∗
2A− p∗1E has a small section
imply that j2(ℓφ
∗D+p∗2A) is big. By Lemma 3.21(3), ℓφ
∗D+p∗2A = p
∗
2(ℓψ
∗D+A)
is big. By Lemma 3.21(1), we conclude that ℓψ∗D +A is big. 
In [Mor11b], Moriwaki proposed an extension of Dirichlet’s unit theorem to the
higher-dimensional case. The following is the natural extension of this question to
our more general setting.
Question 3.23. (Dirichlet’s unit theorem) Let K be an A-field, X a normal proper
variety over K and D a metrized R-divisor on X. Are the following conditions (1)
and (2) equivalent?
(1) D is pseudo-effective;
(2) there exists f ∈ K(X)×R such that D + d̂iv(f) ≥ 0.
In the setting of Question 3.23, the classical Dirichlet’s unit theorem shows up
when considering the zero-dimensional case. Let K be an A-field and S ⊂ MK a
finite subset containing the Archimedean places. Let US be the group of S-units
of K and HS the hyperplane of R
S defined by
∑
v∈S nvξv = 0. The adelic version
of Dirichlet’s unit theorem states that the regulator map US ⊗Z R→ HS given by
u 7→ (log |u|v)v∈S is an isomorphism [Wei74, Chapter IV, §4, Theorem 9].
Let now X = Spec(K), D = 0 the zero divisor on X and (ξv)v∈S ∈ HS . We
put ξv = 0 for v 6∈ S. Each ξv gives a v-adic Green function for D and we
denote by D the associated metrized divisor. It can be verified that this metrized
divisor is pseudo-effective (see for instance Theorem 6.1(4)). Condition (2) for D
is equivalent to the existence of u ∈ K× ⊗Z R such that ξv − log |u|v ≥ 0 for all v.
Since
∑
v nv log |u|v = 0 =
∑
v nvξv because of the product formula, the previous
inequality forces log |u|v = ξv for all places and, in particular, u ∈ US ⊗ZR. Hence,
the implication (1)⇒(2) in Question 3.23 is equivalent to the surjectivity of the
regulator map in Dirichlet’s unit theorem.
In higher dimension, the fact that (2) implies (1) follows from the facts that
effective metrized R-divisors are pseudo-effective and that pseudo-effectiveness is
invariant with respect to linear equivalence. Moriwaki has proven the reverse im-
plication when X is smooth and projective, D is numerically trivial and the metrics
at the finite places come from a common normal projective model overOK [Mor11b].
Remark 3.24. If K is a general function field, the answer is “no”, simply because
the analogue of the classical Dirichlet’s unit theorem does not hold. The simplest
example is the following. Let C be an elliptic curve over a field k of characteristic
zero, K = K(C) and X = Spec(K). Let D be a divisor of degree zero on C whose
class in the Picard group is non-torsion and let D be the corresponding metrized
R-divisor on X . Then D is pseudo-effective but there is no f ∈ K(X)×R such that
D+d̂iv(f) ≥ 0. Assume that such f exists. Then D+div(f) would be effective and
of degree 0. Hence D+div(f) = 0. Since D is a divisor the previous equation implies
that we can find a g ∈ K(X)× and m ∈ Z≥1 with mD+ div(g) = 0. Therefore the
class of D in the Picard group is torsion, contradicting the hypothesis.
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In §7 we will show that, for toric varieties, the answer to Question 3.23 is positive.
We now turn our attention towards the approximation of pseudo-effective and
big divisors by nef and ample ones.
Definition 3.25. Let X be a normal proper variety over K and D a pseudo-
effective metrized R-divisor on X . A Zariski decomposition of D is a birational
map ϕ : X ′ → X of normal proper varieties over K and a decomposition
ϕ∗D = P + E
with P ,E ∈ Ĉar(X ′)R such that P is nef, E is effective and v̂ol(X ′, P ) = v̂ol(X,D).
Sometimes it is convenient to consider the following variant.
Definition 3.26. Let X be a normal proper variety over K and D a pseudo-
effective metrized R-divisor on X . Let Υ(D) be the set of pairs (ϕ, P ), where
ϕ : X ′ → X is a birational map of normal proper varieties over K and P is a
nef metrized R-divisor on X ′ such that ϕ∗D − P ≥ 0. On Υ(D) we consider
the equivalence relation (ϕ, P ) ∼ (ϕ1, P 1) whenever there exists a commutative
diagram of birational morphisms
Z
ν
//
ν1

X ′
ϕ

X ′1
ϕ1
// X
such that ν∗P = ν∗1P 1. On the set of equivalence classes Υ(D)/ ∼, we consider
the order relation given by [(ϕ, P )] ≤ [(ϕ1, P 1)] whenever there is a commutative
diagram of birational maps as above with ν∗P ≤ ν∗1P 1.
The strong Zariski decomposition of D is the greatest element of Υ(D)/ ∼, if it
exists.
If D is a big metrized R-divisor on X , then a strong Zariski decomposition of
D gives a Zariski decomposition in the sense of Definition 3.25 [Mor12b, Proposi-
tion B.1].
Question 3.27. Let D be a pseudo-effective metrized R-divisor on X. When
does D admit a Zariski decomposition or a strong Zariski decomposition?
In [Mor11c], Moriwaki showed that a strong Zariski decomposition of D exists
if K is a number field, X is a curve, D is big and the metrics at the finite places
come from a common normal projective model over OK. In higher dimension, it
is not true that every big metrized R-divisor admits a Zariski decomposition. In-
deed, there are examples of toric big metrized divisors on P2 that do not admit
a Zariski decomposition and, a fortiori, do not admit a strong Zariski decomposi-
tion [Mor11b]. In §7, we will consider toric Zariski decompositions and toric strong
Zariski decompositions, and we will give a criterion for such decompositions to ex-
ist. Furthermore, in §8 we will show that, under some hypothesis, the existence
of a non-necessarily toric Zariski decomposition of a big toric metrized R-divisor
implies the existence of a toric one.
In the absence of a Zariski decomposition, one can ask for the existence of a
Fujita approximation.
Question 3.28. (Fujita approximation) Let D be a big metrized R-divisor on X.
Let ε > 0 be a positive real number. Does there exist a birational proper map
ϕ : X ′ → X and metrized R-divisors A,E ∈ Ĉar(X ′)R such that A is ample, E is
effective,
ϕ∗D = A+ E and v̂ol(X ′, A) ≥ v̂ol(X,D)− ε?
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The existence of an arithmetic Fujita approximation was independently obtained
by Yuan [Yua09a] and by Chen [Che10] in the case when K is a number field, D is
a divisor and the metrics at the infinite places are smooth and those at the finite
places come from a common projective model over OK. More recently, Boucksom
and Chen [BC11] have given a more elementary proof of this fact.
In §7 we will give a proof of the Fujita approximation theorem for big toric
metrized R-divisors on a toric variety.
4. Toric metrized R-divisors
In this section, we recall the necessary background on the algebraic and arith-
metic geometry of toric varieties from [BPS11] and we extend some of the results
in this reference to toric metrized R-divisors. We will follow the notations and
conventions in [BPS11, Chapters 3 and 4].
Let N ≃ Zn be a lattice and M = N∨ the dual lattice. Set NR = N ⊗ R and
MR =M ⊗ R. The pairing between x ∈MR and u ∈ NR is denoted by 〈x, u〉.
Let K be a field and set T = Spec(K[M ]) ≃ Gnm for the split torus over K
corresponding to N . Let Σ be a complete (rational) fan on NR and XΣ the proper
toric variety over K defined by Σ. We write X = XΣ for short. This is a normal
variety of dimension n with an open dense immersion T →֒ X and an action of T
on X that extends the action of T on itself by translations.
The toric variety X has a distinguished point x0 in its principal open subset X0,
corresponding to the unit of the torus T. A toric line bundle is a line bundle L on X
together with the choice of a nonzero point z0 ∈ Lx0 [BPS11, Definition 3.3.4]. A
toric section of L is a section s that is regular and nowhere vanishing on the principal
open subset X0, and such that s(x0) = z0. If (L, s) is a toric line bundle with a
toric section, then div(s) is a toric divisor [BPS11, Theorem 3.3.7]. Conversely,
given a toric divisor D on X , the line bundle O(D) is a subsheaf of KX and the
rational function 1 ∈ K(X) provides a distinguished rational section sD of O(D)
such that div(sD) = D. This section does not vanish on X0 and so (O(D), sD(x0))
is a toric line bundle. The correspondence D 7→ ((O(D), sD(x0)), sD) is the inverse
of the correspondence defined by (L, s) 7→ div(s). Thus, the languages of toric line
bundles with toric sections and that of toric divisors are equivalent. In the sequel,
we will mostly use the latter and, more generally, that of R-divisors. We denote by
CarT(X) the group of toric divisors on the toric variety X .
Definition 4.1. An R-virtual support function on Σ is a function Ψ on NR such
that, for each cone σ ∈ Σ, there exists mσ ∈ MR such that Ψ(u) = 〈mσ, u〉 for all
u ∈ σ. A set of functionals {mσ}σ∈Σ as above is called a set of defining vectors
of Ψ. If we can choose mσ ∈M for all σ, then Ψ is called a virtual support function
on Σ. We respectively denote by VSF(Σ) and by VSF(Σ)R the spaces of virtual
support functions and of R-virtual support functions.
A concave virtual support function (respectively, R-virtual support function) on
Σ is called a support function (respectively, an R-support function) on Σ. We denote
by SF(Σ) the semigroup of support functions on Σ and by SF(Σ)R the convex cone
of R-support functions on Σ.
To a toric divisor D one associates a virtual support function, denoted ΨD, in
the following way: for each σ ∈ Σ, there is mσ ∈ M such that D = div(χ−mσ)
on the affine open set Xσ. Then, {mσ}σ is a set of defining vectors for ΨD. The
correspondence D 7→ ΨD is an isomorphism of Z-modules between CarT(X) and
VSF(Σ).
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Definition 4.2. A toric R-divisor on X is a finite linear combination
D =
∑
i
αiDi
with αi ∈ R and Di a toric divisor. To a toric R-divisor D as above, we associate
the R-virtual support function ΨD =
∑
i αiΨDi . We set
CarT(X)R = CarT(X)⊗Z R
for the linear space of toric R-divisors on X .
There is a group morphism M → K(X)× given by m 7→ χm, where χm ∈
Hom(T,Gm) is the character corresponding to m. By linearity, we can extend it
to a group morphism MR → K(X)×R . We also denote by χm the image of m under
this map. Composing with the map div, each element m ∈ MR gives rise to a
toric R-divisor div(χm). For m ∈ MR, we set sm = (χm, D) for the corresponding
rational R-section of D.
Proposition 4.3. The correspondence D 7→ ΨD is an isomorphism of linear spaces
between CarT(X)R and VSF(Σ)R.
Proof. The correspondence D 7→ ΨD is an isomorphism of Z-modules between
CarT(X) and VSF(Σ). Hence, it also defines an isomorphism between CarT(X)R
and VSF(Σ)⊗Z R. The space VSF(Σ)R can be identified with the linear subspace
of
∏
σ∈Σn MR defined by
(4.4) {(mσ)σ | mσ −mτ ∈ (σ ∩ τ)⊥ for all σ, τ ∈ Σn}.
This subspace is defined over Q because the fan Σ is rational, and its restriction
to
∏
σ∈Σn M agrees with VSF(Σ). Hence, VSF(Σ)R = VSF(Σ)⊗Z R, which proves
the statement. 
Definition 4.5. A nonempty compact subset C ⊂ MR is called a quasi-rational
polytope if there are uj ∈ NQ and γj ∈ R, j = 1, . . . , l, such that
C = {x ∈MR | 〈x, uj〉 ≥ γj , j = 1, . . . , l}.
Let ΣC denote the normal fan of C. We say that C is compatible with Σ whenever
Σ refines ΣC .
To a toric R-divisor D on X we associate the subset of MR defined as
∆D = stab(ΨD),
the stability set of ΨD (Definition A.1). This set is either empty or a quasi-rational
polytope compatible with Σ. It encodes a lot of information about the geometry
of the pair (X,D). For instance, each element m ∈ ∆D ∩M gives a toric section
sm = (χ
m, D) ∈ Γ(X,D)×. Analogously, each m ∈ ∆D defines a toric R-section
sm ∈ Γ(X,D)×R . The set {sm}m∈∆D∩M is a basis of L(D). The proofs of these
statements are the same as those for Cartier divisors [Ful93, §3].
Proposition 4.6. Let D be a toric R-divisor on X. Then
vol(X,D) = n! volM (∆D),
where volM is the Haar measure of MR normalized so that M has covolume 1.
Proof. We have that
vol(X,D) = lim
ℓ→∞
l(ℓD)
ℓn/n!
= n! lim
ℓ→∞
#(ℓ∆D ∩M)
ℓn
= n! volM (∆M ).

Proposition 4.7. Let D be a toric R-divisor on X. Then
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(1) D is ample if and only if ΨD is strictly concave.
(2) The following conditions are equivalent:
(a) D is nef;
(b) ΨD is concave;
(c) there exists a finite number of nef divisors Di on X and αi > 0 such
that D =
∑
i αiDi.
(3) If D is nef, then degD(X) = n! volM (∆D).
Proof. (1) A toric divisor is ample if and only if its corresponding function is strictly
concave. Hence, a toric R-divisor D is ample if and only if ΨD is a linear combina-
tion, with positive real coefficients, of strictly concave support functions. For each
cone σ ∈ Σn, choose uσ ∈ ri(σ) ∩N , where ri(σ) denotes the relative interior of σ.
Using the identification in (4.4), we see that
SF(Σ)R = {(mσ)σ | 〈mσ −mτ , uσ〉 ≤ 0 for all σ, τ ∈ Σn}
is a convex rational polyhedral cone in VSF(Σ)R. Its interior
SF(Σ)◦R = {(mσ)σ | 〈mσ −mτ , uσ〉 < 0 for all σ, τ ∈ Σn such that σ 6= τ}
can be identified with the subset of R-support functions that are strictly concave
on Σ. Hence, any strictly concave R-support function can be written as a linear
combination with positive real coefficients of strictly concave support functions,
which proves the statement.
(2) The equivalence of (2a) and (2b) can be proved as in the case of divisors,
see for instance [CLS11, Theorem 6.1.12]. The equivalence between (2b) and (2c)
follows from the facts that a toric divisor is nef if and only if its corresponding
function lies in SF(Σ) and that SF(Σ)R is a convex rational polyhedral cone.
(3) This formula is well-known for toric divisors. Using (2), the general case
follows from this one together with the multilinearity of the mixed degree and of
the mixed volume. 
The set of quasi-rational polytopes of MR which are compatible with Σ forms a
convex cone with respect to the multiplication by scalars in R≥0 and the Minkowski
sum of sets.
Proposition 4.8. The correspondence D 7→ ∆D gives an isomorphism between
the convex cone of nef toric R-divisors on X and the convex cone of quasi-rational
polytopes compatible with Σ.
Proof. Let λ ∈ R≥0 and Ψ,Φ two conic concave functions on NR (Appendix A).
Then
stab(λΨ) = λ stab(Ψ), stab(Ψ + Φ) = stab(Ψ) + stab(Φ).
Hence, the map Ψ→ stab(Ψ) is an isomorphism between the convex cone of conic
concave functions onNR and that of convex bodies. This isomorphism sends SF(Σ)R
onto the convex cone of quasi-rational polytopes compatible with Σ. The statement
follows easily from this since, by propositions 4.3 and 4.7(2), the convex cone of nef
toric R-divisors is in one-to-one correspondence with SF(Σ)R. 
Proposition 4.9. Let D be a toric R-divisor on X.
(1) The following conditions are equivalent:
(a) D is big;
(b) there exists m ∈MR such that ΨD(u) < 〈m,u〉 for all u ∈ NR \ {0};
(c) dim(∆D) = n.
(2) The following conditions are equivalent:
(a) D is pseudo-effective;
(b) there exists m ∈MR such that ΨD(u) ≤ 〈m,u〉 for all u ∈ NR;
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(c) ∆D 6= ∅.
(3) D is effective if and only if ΨD ≤ 0 or, equivalently, if and only if 0 ∈ ∆D.
(4) Let P be a nef toric R-divisor on X. Then D ≥ P if and only if ∆D ⊃ ∆P .
Proof. (1) Clearly, (1b) and (1c) are equivalent. In case D is a divisor, Proposi-
tion 4.6, implies that (1a) and (1c) are equivalent.
Assume D is a big R-divisor and write D =
∑
αi
αiDi with αi > 0 and Di big.
Then there exist mi ∈MR such that ΨDi(u) < 〈mi, u〉 for all u ∈ NR \ {0}. Setting
m =
∑
i αimi, we have that ΨD(u) < 〈m,u〉 for all u ∈ NR\{0}, which proves (1b).
Conversely, the set
C = {Ψ ∈ VSF(Σ)R | ∃m ∈MR such that Ψ(u) < 〈m,u〉 for all u ∈ NR \ {0}}
is an open convex cone. Let D be an R-divisor such that ΨD ∈ C. Since VSF(Σ)
is dense in VSF(Σ)R, there exist a finite number of functions Ψi ∈ C ∩VSF(Σ) and
positive real numbers αi such that ΨD =
∑
i αiΨi. For each i, let Di be the divisor
corresponding to Ψi. Then D =
∑
αi
αiDi. Hence, D is big since each Di is big.
This proves the statement.
(2) Let ϕ : X ′ → X be a birational toric map and B a toric effective big R-divisor
on X ′.
Suppose first that ∆ϕ∗D = ∆D 6= ∅ and let ℓ > 0. By Lemma A.2(1),
∆ℓϕ∗D+B ⊃ ∆ℓϕ∗D +∆B .
By (1), the polytope ∆B has dimension n and so does ∆ℓϕ∗D+B . Hence, ℓϕ
∗D+B
is big for all integers ℓ ≥ 0 and so D is pseudo-effective.
Conversely, suppose that D is pseudo-effective. By an argument similar to the
one in the proof of Proposition 3.22, one can verify that the R-divisor ℓϕ∗D+B is
big for all ℓ ≥ 1. Hence, ∆ℓϕ∗D+B is of dimension n and, in particular, nonempty.
By Lemma A.5(1),
∆D = ∆ϕ∗D =
⋂
ℓ>0
∆ϕ∗D+ 1ℓB.
Hence, this polytope is nonempty, since it is the intersection of nested compact
sets.
(3) Assume that D is effective and write D =
∑
i αiDi with αi > 0 and Di an
effective divisor. Then 0 ∈ ∆Di for all i. By Lemma A.2(1),∑
i
αi∆Di =
∑
i
αi stab(ΨDi) ⊂ stab(ΨD) = ∆D.
Hence, 0 ∈ ∆D or, equivalently, ΨD ≤ 0.
Conversely, the set of functions Ψ ∈ VSF(Σ)R such that Ψ ≤ 0 forms a ra-
tional convex cone. Hence, if ΨD ≤ 0 then there is a finite number of functions
Ψi ∈ VSF(Σ) such that Ψi ≤ 0 and αi > 0 such that ΨD =
∑
i αiΨi. Each Ψi
corresponds to a toric divisor Di and D =
∑
i αiDi. Each Di is effective and so
is D.
(4) Suppose that D ≥ P . Then ΨD−P ≤ 0, which is equivalent to ΨD ≤ ΨP .
Hence, ∆D ⊃ ∆P . Conversely, suppose that ∆D ⊃ ∆P . Then ∆D 6= ∅, since P
is nef and ∆D contains ∆P . Hence, the support function Ψ∆D coincides with the
concave envelope of ΨD. Then ΨD ≤ Ψ∆D ≤ Ψ∆P = ΨP , which proves ΨD−P ≤ 0
and D ≥ P . 
In the toric case, the geometric analogues of Dirichlet’s unit theorem (Ques-
tion 3.23), Zariski decomposition (Question 3.27) and Fujita approximation theo-
rem (Question 3.28) are easy to treat, and all three admit a positive answer. Note
however that the notion of toric strong Zariski decomposition that appears in the
proposition below is weaker than the strong Zariski decomposition.
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Proposition 4.10. Let D be a toric R-divisor on X.
(1) D is pseudo-effective if and only if there exists m ∈ ∆D such that
D + div(χm) ≥ 0.
(2) Assume that D is pseudo-effective. Then there exist a birational toric map
ϕ : X ′ → X of proper toric varieties and toric divisors P,E ∈ CarT(X ′)R
such that P is nef, E is effective,
ϕ∗D = P + E and vol(X,P ) = vol(X,D).
Moreover, for any other birational toric map ϕ1 : X
′
1 → X of proper toric
varieties and a decomposition ϕ∗1D = P1 + E1 with P1, E1 ∈ CarT(X ′1)R
such that P1 is nef and E1 is effective, there are proper birational toric
maps ν : X ′′ → X ′ and ν1 : X ′′ → X ′1 of proper toric varieties satisfying
ν∗P ≥ ν∗1P1.
(3) Assume that D is big and let ε > 0. Then there exist a birational toric map
ϕ : X ′ → X of proper toric varieties and A,E ∈ CarT(X ′)R such that A is
ample, E is effective,
ϕ∗D = A+ E and vol(X,A) ≥ vol(X,D)− ε.
Proof. (1) By Proposition 4.9(2), D is pseudo-effective if and only if ΨD −m ≤ 0
for some m ∈ MR. But ΨD − m = ΨD+div(χm) and, by Proposition 4.9(3), the
previous condition is equivalent to the fact that D + div(χm) ≥ 0.
(2) By Proposition 4.9(2), ∆D 6= ∅. Let Σ′ be a refinement of Σ compatible
with ∆D. Let ϕ : X
′ → X be the corresponding birational toric map of proper
toric varieties. Let P be the nef toric R-divisor on X ′ associated to ∆D under the
correspondence in Proposition 4.8. Set E = ϕ∗D − P . By Proposition 4.9(4), E is
effective and, by Proposition 4.6, vol(X ′, P ) = vol(X,D). Furthermore, let X ′1, P1
and E1 as in the statement. Let Σ1 be the fan that determines X
′
1. Let Σ
′′ be a
common refinement of Σ, Σ′ and Σ′1 and let ν : X
′′ → X ′ and ν1 : X ′′ → X ′1 be the
associated proper birational toric maps. By Proposition 4.9(4), ∆P1 ⊂ ∆D = ∆P
and, by the same result, ν∗P ≥ ν∗1P1.
(3) Let Σ′ be a regular refinement of Σ. The toric variety X ′ := XΣ′ is projective
and there is a birational toric map ϕ : X ′ → X . Let D′ be an ample toric R-divisor
on X ′. Let P be the nef R-divisor on X given by (2), for which we have ∆P = ∆D.
Let 0 ≤ λ < 1 and δ > 0 such that
(4.11) λ∆D + δ∆D′ ⊂ ∆D, volM (λ∆D + δ∆D′) ≥ volM (∆D)− ε
n!
.
Set A = λϕ∗P+δD′ and E = ϕ∗D−A. By Proposition 4.8, ∆A = λ∆ϕ∗P+δ∆D′ ⊂
∆D = ∆ϕ∗D. Proposition 4.9(4) then implies that E is effective. The virtual
support function corresponding to A is λΨP + δΨD′ , which is strictly concave
on Σ′. Hence, A is ample. Finally, Proposition 4.6 together with (4.11) show
vol(X ′, A) ≥ vol(X,D)− ε. 
Let K be a global field and X a proper toric variety over K of dimension n. For
each place v ∈ MK, we associate to the algebraic torus T an analytic space Tanv .
We denote by Sanv its compact torus. In the Archimedean case, it is isomorphic
to (S1)n. In the non-Archimedean case, it is a compact analytic group, see [BPS11,
Example 1.2.3] for a description.
Definition 4.12. A v-adically metrized R-divisor D = (D, ‖ · ‖) on X is toric
if D is a toric R-divisor and its Green function is invariant with respect to the
action of Sanv . To a toric v-adically metrized R-divisor D as above, we associate the
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function ψD : NR → R defined, for u ∈ NR, by
ψD(u) = −
gD(p)
λv
for any p ∈ Xan0,v such that valv(p) = u. We will alternatively denote this function
by ψD,‖·‖.
A quasi-algebraic metrized R-divisor D on X is toric if (D, ‖ · ‖v) is a toric v-
adically metrized R-divisor for all v ∈ MK. For each place v, we denote by ψD,v
the function associated to the toric v-adically metrized R-divisor (D, ‖ · ‖v). A
toric quasi-algebraic metrized R-divisor is also called a toric metrized R-divisor, for
short.
We denote by ĈarT(X)R,v and ĈarT(X)R the spaces of toric v-adically metrized
R-divisors on X and of toric metrized R-divisors on X .
Let Di ∈ ĈarT(X)R and αi ∈ R, i = 1, 2, and v ∈MK. It is immediate from the
definitions that
(4.13) ψα1D1+α2D2,v = α1ψD1,v + α2ψD2,v.
Remark 4.14. When D is the metrized R-divisor associated to the toric line
bundle with section (L, s), the function ψD,v corresponds to the function ψL,s,v in
the notation of [BPS11, Definition 4.2.3].
Let D be a toric divisor on X and v ∈MK. Recall that D has a canonical v-adic
metric, denoted ‖ · ‖D,v,can [BPS11, Proposition-Definition 4.2.8]. The function
associated to this metric agrees with the virtual support function ΨD. We extend
this construction to toric R-divisors.
Definition 4.15. Let D be a toric R-divisor on X and v ∈ MK. Write D =∑
i αiDi with αi ∈ R and Di a toric divisor. For each i, let ‖ · ‖Di,v,can be the
canonical v-adic metric on Di and write Di,v,can = (Di, ‖ · ‖Di,v,can). We define
Dv,can =
∑
i
αiDi,v,can,
and we denote by ‖ · ‖D,v,can the corresponding v-adic canonical metric on D. This
is a toric v-adic metric on D and ψDv,can = ΨD. In particular, it is independent of
the chosen decomposition of D.
The following result extends [BPS11, Proposition 4.2.4 and Theorem 4.8.3] to
toric R-divisors. As explained in [BPS11, §4.1], the variety with corners NΣ is a
compactification of the vector space NR and, for each v ∈ MK, there is a proper
map of topological spaces valv : X
an
v → NΣ.
Proposition 4.16. Let D be a toric R-divisor on X.
(1) Let v ∈ MK. The correspondence ‖ · ‖ 7→ ψD,‖·‖ is a bijection between the
set of toric v-adic metrics on D and the set of functions ψ : NR → R such
that ψ −ΨD extends to a continuous function on NΣ.
(2) The correspondence {‖ · ‖v}v∈MK 7→ {ψD,‖·‖v}v∈MK is a bijection between
the set of quasi-algebraic toric metrics on D and the set of families of
functions ψv : NR → R such that ψv−ΨD extends to a continuous function
on NΣ for all v, and ψv = ΨD for all but a finite number of v.
Proof. For the local case, Corollary 3.9 together with the properties of the canonical
v-adic metric of D implies that the map
‖ · ‖ 7−→ gD,‖·‖ − gD,v,can
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gives a bijection between the space of toric v-adic metrics on D and that of
continuous Sanv -invariant functions on X
an
v . We have that gD,‖·‖ − gD,v,can =
−λv(ψD,‖·‖−ΨD)◦valv. Since the map valv : Xanv → NΣ is proper, the Sanv -invariant
functions on Xanv are in one-to-one correspondence with continuous functions on
NΣ.
The global case follows from this together with Theorem 4.8.3 in loc. cit.. 
Let D be a toric metrized R-divisor on X and v ∈MK. By Proposition 4.16(1),
the function ψD,v is asymptotically conic (Definition A.3) and its stability set is
∆D, since it agrees with that of ΨD.
Definition 4.17. Let D be a toric metrized R-divisor on X . For each v ∈ MK,
the v-adic roof function of D is the concave function on ∆D defined as
ϑD,v = λvψ
∨
D,v
,
see Definition A.1. The (global) roof function of D is defined as
ϑD =
∑
v∈MK
nvϑD,v.
Remark 4.18. In [BPS11, Definition 5.1.5], the v-adic roof function is defined only
for toric semipositive metrized line bundles with a toric section. Definition 4.17
extends this definition to arbitrary toric metrized R-divisors.
The following result extends [BPS11, Theorem 4.7.1] to toric R-divisors.
Proposition 4.19. Let D be a toric R-divisor on X.
(1) Let v ∈ MK. The maps ‖ · ‖ 7→ ψD,‖·‖ and ‖ · ‖ 7→ ϑD,‖·‖ are bijections
between the set of toric semipositive v-adic metrics on D and, on one hand,
the set of concave functions ψ : NR → R such that |ψ−ΨD| is bounded and,
on the other hand, the set of continuous concave functions on ∆D.
(2) The maps {‖·‖v}v∈MK 7→ {ψD,‖·‖v}v∈MK and {‖·‖v}v∈MK 7→ {ϑD,‖·‖v}v∈MK
are bijections between the set of toric semipositive metrics on D and, on
one hand, the set of families of concave functions {ψv : NR → R}v such that
|ψv−ΨD| is bounded for all v and ψv = ΨD for all but a finite number of v
and, on the other hand, the set of families of continuous concave functions
{ϑv : ∆D → R}v such that ϑv ≡ 0 for all but a finite number of v.
Proof. By [BPS11, Propositions 2.5.17(2) and 2.5.20], the first and the second part
of both statements are equivalent.
For the local case, choose ε > 0 and let ‖ · ‖′ be a (non necessarily toric) semi-
positive (smooth or algebraic) metric on D such that
dist(‖ · ‖, ‖ · ‖′) < ε.
Set D
′
= (D, ‖ · ‖′) and write D′ = ∑i αiD′i with αi > 0 and D′i a semipositive
(smooth or algebraic) metrized divisor on X .
For each i, let ‖ · ‖′i,tor be the toric metric on D′i obtained from the metric of
D
′
i by averaging of the metric along the fibres of the map valv : X0 → NΣ as in
[BPS11, propositions 4.3.4 and 4.4.12]. Write D
′
i,tor = (Di, ‖ · ‖′i,tor). This is a toric
semipositive (smooth or algebraic) metrized divisor and so
D
′
tor :=
∑
i
αiD
′
i,tor
is a toric semipositive (smooth or algebraic) metrized divisor. Since ‖ · ‖ is Sanv -
invariant, it results that dist(‖ · ‖, ‖ · ‖′tor) < ε. Hence,
sup
u∈NΣ
∣∣ψD(u)− ψD′tor(u)∣∣ < ε/λv.
ARITHMETIC POSITIVITY ON TORIC VARIETIES 33
By propositions 4.3.1 and 4.6.1 in loc. cit., the functions ψD′i,tor
are concave, and
so is ψD′tor
since αi > 0 for all i. Letting ε→ 0, we conclude that ψD is concave.
Conversely, let ψ : NΣ → R be a concave function such that ψ−ΨD is bounded.
Let ε > 0. By [BPS11, Proposition 2.5.20(2)], there is a piecewise affine concave
function ζ : ∆D → R such that
sup
x∈∆D
∣∣ψ∨(x)− ζ(x)∣∣ < ε
λv
.
By the density of Q, we can choose ζ defined by a finite number of affine maps with
rational coefficients. Its Legendre-Fenchel dual φ = ζ∨ is a piecewise affine concave
function on a rational polyhedral complex Π such that
sup
u∈NΣ
∣∣ψ(u)− φ(u)∣∣ < ε
λv
.
Arguing as in the proof of [BPS11, Theorem 3.7.3], we can assume that the recession
of Π agrees with Σ.
Let P(Π) denote the space of piecewise affine functions on Π and C(Π) ⊂ P(Π)
the subset of concave functions. The space P(Π) can be identified with the linear
subspace of
∏
Λ∈Πn(MR × R) given by{
(mΛ, γΛ)Λ∈Πn | 〈mΛ, u〉+ γΛ = 〈mΛ′ , u〉+ γΛ′ for u ∈ Λ∩Λ′, for all Λ,Λ′ ∈ Πn
}
.
This is a finite-dimensional linear subspace defined over Q. For each Λ ∈ Πn, choose
a point uΛ ∈ ri(Λ) ∩NQ. Then
C(Π) = {(mΛ, γΛ)Λ ∈ P(Π) | 〈mΛ, uΛ〉+ γΛ ≤ 〈mΛ′ , uΛ〉+ γΛ′ for all Λ,Λ′ ∈ Πn}.
This is a cone of P(Π) given by a rational H-representation (see [BPS11, Chapter
2]). Hence, it admits a rational V-representation. This implies that there exist a
finite number of H-lattice piecewise affine concave functions φi ∈ C(Π) and positive
real numbers αi such that
φ =
∑
i
αiφi.
For each i, set Φi = rec(φi), the recession function of φi (Definition A.3). This is a
support function on Σ and so it corresponds to a toric divisor on X , that we denote
by Di.
In the non-Archimedean case, [BPS11, Corollary 4.4.9] implies that there exists a
semipositive algebraic metric ‖·‖i onDi such that ψDi,‖·‖i = φi. SetDi = (Di, ‖·‖i)
and D
′
=
∑
i αiDi. This gives a semipositive algebraic v-adic metric ‖ · ‖′ on D
and
dist(‖ · ‖, ‖ · ‖′) = λv sup
u∈NΣ
∣∣ψ(u)− φ(u)∣∣ < ε.
In the Archimedean case, Theorem 4.7.1 in loc. cit. implies that there exists a
semipositive smooth metric ‖ · ‖i on Di such that |φi−ψDi,‖·‖i | < ε/2λv. Let ‖ · ‖′′
denote the induced semipositive smooth metric on D. Then
dist(‖ · ‖, ‖ · ‖′′) = λv sup
u∈NΣ
∣∣ψ(u)− ψDi,‖·‖i(u)∣∣ < ε.
The global case follows from the local one and Proposition 4.16(2). 
Let Y be a d-dimensional cycle on X and Di, i = 0, . . . , d, semipositive toric
metrized R-divisors on X . For a place v ∈ MK, the v-adic toric height of Y
with respect to D0, . . . , Dd, denoted h
tor
v,D0,...,Dd
(Y ), is defined from the v-adic toric
height of a cycle ([BPS11, Definition 5.1.1]) with respect to semipositive toric line
bundles by multilinearity and continuity.
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The global height of Y can be computed as
hD0,...,Dd(Y ) =
∑
v∈MK
nv h
tor
v,D0,...,Dd
(Y ).
This follows easily from the analogous statement for semipositive toric line bundles,
see Proposition 5.2.4 in loc. cit..
Recall that there is a one-to-one, dimension reversing, correspondence between
the cones of Σ and the orbits of the action of T on X . Given a cone σ ∈ Σ, we
denote by O(σ) the corresponding orbit and by V (σ) its closure. Recall also that,
given a support function Ψ on Σ, we can associate to each cone σ ∈ Σ a face,
denoted Fσ, of the polytope stab(Ψ).
Proposition 4.20. Let D be a toric semipositive metrized R-divisor on X and
σ ∈ Σ a cone of codimension d. Then, for v ∈MK,
htor
v,D
(V (σ)) = (d+ 1)!
∫
Fσ
ϑD,v dvolM(Fσ)
and
hD(V (σ)) = (d+ 1)!
∫
Fσ
ϑD dvolM(Fσ),
where M(Fσ) is the lattice induced by M on the affine space generated by Fσ and
volM(Fσ) is the Haar measure on that affine space such that the covolume of M(Fσ)
is one.
In particular,
hD(X) = (n+ 1)!
∫
∆D
ϑD dvolM .
Proof. For the local case, let v ∈ MK. Consider first the case when the metric
‖ · ‖v is smooth semipositive, if v is Archimedean, or algebraic semipositive, if v is
ultrametric. Write
D =
∑
i
αiDi
with Di a T-divisor on X with a semipositive (smooth or algebraic) metric, and
αi > 0. For each Di, the formula follows from [BPS11, Proposition 5.1.11]. It
follows for D by the multilinearity of the toric local height and of the mixed integral
of concave functions with respect to the sup-convolution.
For a semipositive D, the formula follows from the continuity of the toric local
height with respect to dist, which follows from loc. cit., Theorem 1.4.15(4), and
from the continuity of the Legendre-Fenchel duality with respect to the uniform
convergence (loc. cit., Proposition 2.2.3).
The global case follows by adding up all local toric heights. 
Remark 4.21. As in [BPS11, Corollary 5.1.9 and Theorem 5.2.5] one can express
the mixed v-adic toric height and the mixed global height of toric metrized R-
divisors in terms of mixed integrals.
5. Small sections, arithmetic and χ-arithmetic volumes of toric
metrized R-divisors
In this section, we give formulae for the arithmetic and the χ-arithmetic volumes
of a toric metrized R-divisor in terms of its global roof function. We keep the
notations of the previous section. In particular, X is a proper toric variety of
dimension n over a global field K.
We show first how the positivity of the roof function determines the existence of
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Proposition 5.1. Let D be a toric metrized R-divisor on X. For ℓ ≥ 1 and
m ∈ ℓ∆D we set sm ∈ Γ(X, ℓD)×R for the corresponding R-section.
(1) Let v ∈MK. Then − log ‖sm‖v,sup = ℓϑD,v(m/ℓ).
(2) If ϑD(m/ℓ) > 0, then there exists e ≥ 1 and γ ∈ K× such that γsem ∈
Γ̂(X, eℓD)×R .
Proof. We compute
ϑD,v(m/ℓ) = λvψ
∨
D,v
(m/ℓ)
= λv inf
u∈NR
(〈m/ℓ, u〉 − ψD,v(u))
=
1
ℓ
inf
x∈X0
(− log |χm(x)|v + gℓD,v(x))
=
−1
ℓ
sup
x∈X0
log ‖sm(x)‖v
=
−1
ℓ
log ‖sm‖v,sup,
which proves the first statement. The second statement follows from the first, using
Lemma 1.11 as in the proof of Proposition 3.15. 
Next we show that, for every place, the basis of toric global sections is orthogonal
with respect to the sup-norm.
Proposition 5.2. Let D be a toric metrized R-divisor. Then, for all v ∈MK, the
set {sm}m∈∆D∩M is an orthogonal basis of L(D) with respect to the norm ‖ · ‖v,sup.
Proof. Fix an integral basis of N so that there is an isomorphisms N ≃ Zn ≃ M .
Let v ∈ MK and choose an integer r ≥ 1 such that ∆D ⊂ [−r, r]n and, if v is
non-Archimedean, such that |2r + 1|v = 1. After possibly taking a finite extension
of K, we may assume that Kv contains a primitive root of 1 of order 2r + 1, which
we denote by ω. For every a = (a1, . . . , an) ∈ [−r, r]n ∩N we consider the element
ta = (ω
a1 , . . . , ωan) ∈ Sanv . Such an element determines an automorphism of Xanv .
Let s = (f,D) ∈ L(D) be a global section. Then t∗as ∈ L(D) since D is toric. For
p ∈ Xanv ,
‖t∗as‖v(p) = |f(ta ∗ p)|v e−gD,v(p) = |f(ta ∗ p)|v e−gD,v(ta∗p) = ‖s‖v(ta ∗ p)
because of the Sanv -invariance of ‖ · ‖v. Hence,
(5.3) ‖t∗as‖v,sup = sup
p∈Xanv
‖t∗as‖v(p) = sup
p∈Xanv
‖s‖v(ta ∗ p) = ‖s‖v,sup.
Write
s =
∑
m∈∆D∩M
γmsm
with γm ∈ K. For convenience, we also put γm = 0 for m ∈ ([−r, r]n \∆D) ∩M .
Then, for a ∈ [−r, r]n ∩N ,
t∗as =
∑
m∈[−r,r]n∩M
γmt
∗
asm =
∑
m
χm(ta)γmsm =
∑
m
ω〈a,m〉γmsm.
Consider the matrix Ω = (ω〈a,m〉)a,m. Its inverse is given by
Ω−1 = (2r + 1)−n
(
ω−〈a,m〉
)
m,a
.
Therefore, for m ∈ [−r, r]n ∩M ,
γmsm =
∑
a∈[−r,r]n∩N
(2r + 1)−nω−〈a,m〉t∗as.
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If v is Archimedean,
‖γmsm‖v,sup ≤ (2r + 1)nmax
a
‖(2r + 1)−nω−〈a,m〉t∗as‖v,sup = max
a
‖t∗as‖v,sup.
while, if v is non-Archimedean,
‖γmsm‖v,sup ≤ max ‖(2r + 1)−nω−〈a,m〉t∗as‖v,sup = maxa ‖t
∗
as‖v,sup.
In both cases, we deduce from (5.3) that
max
m∈∆D∩M
‖γmsm‖v,sup ≤ ‖s‖v,sup.
Hence, {sm}m∈∆D∩M is an orthogonal basis of L(D) with respect to ‖ · ‖v,sup for
all v. 
Corollary 5.4. Let D be a toric R-divisor on X and s ∈ L(D). Write
s =
∑
m∈∆D∩M
γmsm
with γm ∈ K. If v is Archimedean, then
max
m∈∆D∩M
‖γmsm‖v,sup ≤ ‖s‖v,sup ≤ #(∆D ∩M) max
m∈∆D∩M
‖γmsm‖v,sup,
while, if v is non-Archimedean,
‖s‖v,sup = max
m∈∆D∩M
‖γmsm‖v,sup.
Proof. The upper bound for ‖s‖v,sup follows from the triangle inequality, in the
Archimedean case, and from the ultrametric inequality, in the non-Archimedean
case. The remaining inequality follows from Proposition 5.2. 
Corollary 5.5. Let D be a toric metrized R-divisor and s ∈ L̂(D). Write
s =
∑
m∈∆D∩M
γmsm
with γm ∈ K. Then γmsm ∈ L̂(D) for all m ∈ ∆D ∩M .
Proof. This follows immediately from Corollary 5.4. 
Let D be a toric R-divisor on X and consider the set
ΘD = {x ∈ ∆D | ϑD(x) ≥ 0}.
If ΘD 6= ∅, it is a convex subset of ∆D.
Theorem 5.6. Let D be a toric metrized R-divisor. Then the arithmetic volume
of D is given by
v̂ol(X,D) = (n+ 1)!
∫
∆D
max(0, ϑD) dvolM = (n+ 1)!
∫
ΘD
ϑD dvolM ,
while the χ-arithmetic volume of D is given by
v̂olχ(X,D) = (n+ 1)!
∫
∆D
ϑD dvolM .
Proof. We consider first the case when K is a number field. Let ℓ ≥ 1 and set
∆ = ∆D for short. For each m ∈ ℓ∆ ∩M , we consider the MK-divisors cm and c′m
given by, for v|∞,
log(cm,v) = − log ‖sm‖v,sup, log(c′m,v) = − log ‖sm‖v,sup − log(#(ℓ∆ ∩M))
and, for v ∤∞,
log(cm,v) = log(c
′
m,v) = λv
⌊− log ‖sm‖v,sup
λv
⌋
.
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By Corollary 5.4, ⊕
m∈ℓ∆∩M
L̂(c′m)sm ⊂ L̂(ℓD) ⊂
⊕
m∈ℓ∆∩M
L̂(cm)sm.
Observe that, by the quasi-algebricity of the metric, there exists a finite set S ⊂MK
such that, for all v /∈ S, we have that cm,v = c′m,v = 1 for all ℓ ≥ 1 and m ∈ ℓ∆∩M .
With Proposition 5.1(1), this implies that
d̂eg(cm) = dKℓϑD(m/ℓ) +O(1), d̂eg(c
′
m) = dKℓϑD(m/ℓ) +O(log(ℓ)).
Applying Lemma 1.10, we deduce that∣∣∣ l̂(ℓD)− dKℓ ∑
m∈ℓ∆∩M
max(0, ϑD(m/ℓ))
∣∣∣ = O(ℓn log(ℓ)).
Therefore,
v̂ol(X,D) =
1
dK
lim sup
ℓ→∞
l̂(ℓD)
ℓn+1/(n+ 1)!
=(n+ 1)! lim sup
ℓ→∞
(
1
ℓn
∑
m∈ℓ∆∩M
max(0, ϑD(m/ℓ)) +O
(
log(ℓ)
ℓ
))
=(n+ 1)!
∫
∆
max(0, ϑD) dvolM .
We next prove the formula for the χ-arithmetic volume. Using propositions 5.2,
2.24 and 5.1(1), we see that
1
dK
χ̂(L(ℓD)) =
∑
v
∑
m∈ℓ∆∩M
nv log(‖sm‖−1v,sup) +O(#(ℓ∆ ∩M) log(#(ℓ∆ ∩M)))
=
∑
v
∑
m∈ℓ∆∩M
nvℓϑD,v(m/ℓ) +O(ℓ
n log(ℓ))
=
∑
m∈ℓ∆∩M
ℓϑD(m/ℓ) +O(ℓ
n log(ℓ)).
Therefore,
v̂olχ(X,D) = (n+ 1)! lim sup
ℓ→∞
(
1
ℓn
∑
m∈ℓ∆∩M
ϑD(m/ℓ) +O
(
log(ℓ)
ℓ
))
= (n+ 1)!
∫
∆
ϑD dvolM .
We consider next the function field case. Let π : B → C be a dominant morphism
of smooth projective curves and consider the function field K = K(B) with the
adelic structure defined in Example 1.3. Let ℓ ≥ 1. For each m ∈ ℓ∆∩M , consider
the MK-divisor given by
log(cm,v) = λv
⌊− log ‖sm‖v,sup
λv
⌋
and let D(cm) be the associated Weil divisor of B. Observe that, for γm ∈ K, we
have that log |γm|v ≤ − log ‖sm‖v,sup if and only if ordv(γm)+
⌊− log ‖sm‖v,sup
λv
⌋ ≥ 0.
Hence, this condition holds for all v if and only if div(γm) +D(cm) ≥ 0, namely, if
and only if γm ∈ L(D(cm)). Corollary 5.4 and equation (1.9) then show
L̂(ℓD) =
⊕
m∈ℓ∆∩M
L(D(cm))sm =
⊕
m∈ℓ∆∩M
L̂(cm)sm.
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As in the number field case, there is a finite subset S ⊂MK independent of ℓ, that
contains the support of D(cm) for all m. Therefore, Proposition 5.1(1) imply
d̂eg(cm) = −dK
∑
v
nv log ‖sm‖v,sup +O(1) = dKℓϑD(m/ℓ) +O(1).
Applying Lemma 1.10, we deduce that∣∣∣ l̂(ℓD)− dKℓ ∑
m∈ℓ∆∩M
max(0, ϑD(m/ℓ))
∣∣∣ = O(ℓn).
Therefore, v̂ol(X,D) = (n + 1)!
∫
∆
max(0, ϑD) dvolM , as stated. The formula for
v̂olχ(X,D) can be proved using the same approach as for the case of a number
field. 
Remark 5.7. Usually, the computation of the arithmetic volume is done by com-
paring the sup-norm with the L2-norm with the help of Gromov’s inequality, and
then using the fact that the L2-norm is a Hermitian norm, see for instance [GS88].
Here, we bypass the use of the L2-norm with the fact that the basis of toric sec-
tions is orthogonal with respect to the sup-norm for all places, both Archimedean
or ultrametric.
Corollary 5.8. Let D be a toric metrized R-divisor on X.
(1) v̂olχ(X,D) ≤ v̂ol(X,D), with equality if and only if ϑD(x) ≥ 0 for all
x ∈ ∆D.
(2) If the metric is semipositive, then v̂olχ(X,D) = hD(X).
Proof. This follows easily from Theorem 5.6, together with Proposition 4.20 for
(2). 
The next examples shows that the χ-arithmetic volume and the height may differ
when D is not semipositive.
Example 5.9. Let X = P1Q and D = 0 the zero divisor equipped with a smooth
toric metric at the Archimedean place and with the canonical metric at the non-
Archimedean places. The associate functions are
ψD,v =
{
f if v =∞,
0 if v 6=∞,
for a bounded smooth function f : R→ R.
We have that ∆D = {0} and so v̂olχ(X,D) = 0 thanks to Theorem 5.6. For
the height, we first note that lim|u|→∞ f
′(u) = 0, which follows from the fact that
the metric corresponding to the Archimedean place is smooth. Then, the Be´zout
formula gives
hD(X) = hD(div(s))−
∑
v
∫
Xanv
log ‖s‖ c1(O(D), ‖ · ‖v) =
∫
R
ff ′′ du.
Integrating by parts, we obtain that∫
R
ff ′′ du =
[
ff ′
]∞
−∞
−
∫
R
(f ′)2 du = −
∫
R
(f ′)2 du.
Hence,
hD(X) = −
∫
R
(f ′)2 du ≤ 0,
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with equality if and only f is constant. Since f is bounded on R, this last condition
is equivalent to the fact that f is concave or, equivalently, that D is semipositive.
Therefore,
(5.10) hD(X) ≤ v̂olχ(X,D),
with equality if and only if D is semipositive.
Example 5.11. Let X = P2Q and D = 0. Let g : R
2 → R2 be the support function
of the standard simplex of ∆2. Let τ ∈ R≥0 and fτ : R2 → R be the function
defined by fτ (u1, u2) = g(u1 − τ, u2 − τ) for (u1, u2) ∈ R2.
Let v1, v2 be two different places of Q and τ1, τ2 ∈ R≥0. Consider the toric metric
on D given, under the correspondence in Proposition 4.16(2), by
ψv =

g − fτ1 if v = v1,
fτ2 − g if v = v2,
0 otherwise.
The obtained metric is DSP, since each ψv is a difference of concave functions.
By Theorem 5.6, v̂olχ(X,D) = 0 since the polytope associated to D is a point.
For the height, we have hD(X) = h
tor
D,v1
(X)+htor
D,v2
(X). By [BPS11, Remark 5.1.10],
the quantity λv1 h
tor
D,v1
(X) can be computed as
(5.12) MI(g∨, g∨, g∨)− 3MI(f∨τ1 , g∨, g∨) + 3MI(f∨τ1 , f∨τ1 , g∨)−MI(f∨τ1 , f∨τ1 , f∨τ1),
where MI denotes the mixed integral of concave functions, see [BPS11, Defini-
tion 2.7.16]. We have that f∨τ1(x1, x2) = τ1(x1 + x2) and g
∨(x1, x2) = 0 for
(x1, x2) ∈ ∆2. Hence,
MI(g∨, g∨, g∨) = 3!
∫
∆2
g∨ = 0, MI(f∨τ1 , f
∨
τ1 , f
∨
τ1) = 3!
∫
∆2
f∨τ1 = 2τ1
and, using the definition of the mixed integral and computing the relevant sup-
convolutions, we can verify that
MI(f∨τ1 , g
∨, g∨) = τ1, MI(f
∨
τ1 , f
∨
τ1 , g
∨) = 2τ1.
The formula (5.12) then implies that htorD,v1(X) = λv1τ1. Similarly, h
tor
D,v2
(X) =
(−1)3λv2τ2 = −λv2τ2. Hence,
hD(X) = −λv1τ1 + λv2τ2.
Varying τ1 and τ2, this height can be any real number.
Remark 5.13. It would be interesting to see if the inequality (5.10) holds for any
toric DSP metrized R-divisor on P1Q. Example 5.11 shows that in dimension 2 and
in the absence of approachability, there is no relation between the height and the
χ-arithmetic volume.
6. Positivity properties of toric metrized R-divisors
In this section, we give criteria for the different positivity conditions for toric
metrized R-divisors.
Theorem 6.1. Let D be a toric metrized R-divisor on X and ϑD : ∆D → R its
global roof function.
(1) D is ample if and only if ΨD is strictly concave on Σ, the function ψD,v is
concave for all v ∈MK, and ϑD(x) > 0 for all x ∈ ∆D;
(2) D is nef if and only if ψD,v is concave for all v ∈ MK and ϑD(x) ≥ 0 for
all x ∈ ∆D;
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(3) D is big if and only if dim(∆D) = n and there exists x ∈ ∆D such that
ϑD(x) > 0;
(4) D is pseudo-effective if and only if there exists x ∈ ∆D such that ϑD(x) ≥ 0;
(5) D is effective if and only if 0 ∈ ∆D and ϑD,v(0) ≥ 0 for all v ∈MK.
Proof. Write Ψ = ΨD and ∆ = stab(Ψ) for short. We start by proving (1). By
Proposition 4.7(1), D is (geometrically) ample if and only if Ψ is strictly concave
on Σ and, by Proposition 4.19(2), the metric of D is semipositive if and only if ψD,v
is concave for all v. Thus it only remains to prove that, under the assumption that
D is ample and D semipositive, the ampleness of D is equivalent to the positivity
of ϑD.
Assume that D is ample. Let m0 be a vertex of ∆ and p0 ∈ X(K) its corre-
sponding T-invariant point. By propositions 3.19(2) and 4.20,
0 < hD(p0) = ϑD(m0).
By the concavity of ϑD, we deduce that ϑD(x) > 0 for all x ∈ ∆.
Conversely, assume that ϑD is positive on ∆. Let M be a metrized R-divisor on
X . Since D is ample, there is a positive integer ℓ′ such that M + ℓ′D is generated
by R-sections. Let s1, . . . , sr be a set of generating R-sections. By the quasi-
algebraicity of the metrics, ‖si‖v,sup = 1 for all v outside a finite subset S ⊂ MK.
Put
η = min
i
min
v∈S
‖si‖−1v,sup.
Let m1, . . . ,ml be the vertices of ∆ and smj the R-section of D corresponding to
mj . By Proposition 5.1(1) and the hypothesis that ϑD is positive,∏
v
‖smj‖nvv,sup = e−ϑD(mj) < 1.
Therefore, we can apply Proposition 3.15 to each smj to obtain ℓ0 ≥ 1 and αj ∈ K×
such that, for each ℓ ≥ ℓ0 + ℓ′ and j = 1, . . . , r,
‖αjsℓ−ℓ
′
mj ‖v,sup
{
≤ 1 if v 6∈ S,
< η if v ∈ S.
The set of global sections αjsis
ℓ−ℓ′
mj , i = 1, . . . , r, j = 1, . . . , l, generates the R-
divisor M + ℓD = (M + ℓ′D) + (ℓ− ℓ′)D. Moreover, for v ∈ S,
‖αjsisℓ−ℓ′mj ‖v,sup ≤ ‖si‖v,sup‖αjs(ℓ−ℓ
′)
mj ‖v,sup < η−1η = 1,
while ‖αjsisℓ−ℓ′mj ‖v,sup ≤ 1, for v 6∈ S. ThusM+ℓD is generated by small R-sections
and D is ample, finishing the proof of (1).
We next prove (2). By Proposition 4.7(2), the R-divisor D is nef if and only if Ψ
is concave and, by Proposition 4.19(2), D is semipositive if and only if the functions
ψD,v are concave for all v. We are reduced to show that, under the assumption that
D is nef and that D is semipositive, D being nef is equivalent to the nonnegativity
of ϑD.
Assume that D is nef. As in the first part of the ample case, let m0 be a
vertex of ∆ and p0 ∈ X(K) a T-invariant closed point corresponding to m0. By
Proposition 4.20,
0 ≤ hD(p0) = ϑD(m0).
By the concavity of ϑD we deduce ϑD(x) ≥ 0 for all x ∈ ∆.
Conversely, assume that ϑD is nonnegative and let p ∈ X(F) be a F-rational
point for a finite extension F of K. Suppose that p lies in an orbit O(σ) for a
cone σ ∈ Σ. Choose a point mσ in the face Fσ of ∆ corresponding to σ. Then
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div(smσ ) = D + div(χ
mσ) meets the closure V (σ) properly, and so we can restrict
this R-divisor to V (σ). Set D
′
= D + d̂iv(χmσ ). Then
hD(p) = hD′(p) = hD′|V (σ)(p).
Furthermore, the roof function ϑD′|V (σ) coincides, up to translation by mσ, with
the restriction ϑD
∣∣
Fσ
, by the analogue for R-divisors of [BPS11, Proposition 4.7.3].
Thus, we are reduced to prove the nonnegativity of the height for points in the
principal orbit. Let m ∈ ∆ and sm be the corresponding monomial R-section.
Since p lies in the principal orbit, it is not contained in the support of div(sm).
Then, using Proposition 5.1(1),
hD(p) =
∑
w∈MF
−nw log ‖sm(p)‖w ≥
∑
w∈MF
−nw log ‖sm‖w,sup
=
∑
w∈MF
nwϑD,w(m) =
∑
v∈MK
nvϑD,v(m) = ϑD(m) ≥ 0,
which concludes the proof of (2).
The statement (3) is a direct consequence of Theorem 5.6 and the definition of
big metrized R-divisor.
We now prove (4). By the toric Chow lemma, there is a birational toric map
ϕ : X ′ → X with X ′ projective. Let A be an effective ample toric divisor on X ′
and write Φ = ΨA and Γ = ∆A = stab(Φ) for the corresponding support function
and polytope. By Proposition 4.9(3), Φ ≤ 0.
Choose v0 ∈ MK and consider the toric metric on A given by the family of
functions
φv =
{
Φ− 1 if v = v0,
Φ otherwise.
Denote by A the obtained toric metrized divisor. We have that φ∨v ≡ 1 if v = v0
and φ∨v ≡ 0 otherwise. Hence, for any x ∈ Γ,
ϑA(x) =
∑
v
nvλvφ
∨
v (x) = nv0λv0 > 0.
By (1), A is ample.
Suppose that D is pseudo-effective. By Proposition 3.22, the metrized R-divisor
ℓϕ∗D + A is big for all ℓ ≥ 1. The virtual support function and the polytope
corresponding to this divisor are ℓΨ + Φ and stab(ℓΨ + Φ), respectively. Write
ψv = ψD,v for convenience. For v ∈ MK, the function associated to the v-adic
metric on this R-divisor is ℓψv + φv, and the v-adic roof function is λv(ℓψv + φv)
∨.
Set ∆ℓ =
1
ℓ stab(ℓΨ + Φ) = stab
(
ψv +
1
ℓφv
)
and ϑv,ℓ = λv(ψv +
1
ℓφv)
∨. Then,
for x ∈ ∆ℓ,
λv(ℓψv + φv)
∨(ℓx) = ℓϑv,ℓ(x).
Set ϑℓ =
∑
nvϑv,ℓ. Since ℓϕ
∗D +A is toric and big, by (3), there exists a xℓ ∈ ∆ℓ
such that ϑℓ(xℓ) > 0.
By Proposition 4.16(1), the functions ψv and φv are asymptotically conic and, by
construction, 0 ∈ stab(φv). Since by Lemma A.5(1) one has ∆ℓ ⊃ ∆ℓ+1 for ℓ ≥ 1,
the sequence (xℓ)ℓ lies in the polytope ∆1. By choosing a convergent subsequence,
we can assume that it converges to a point x∞ ∈
⋂
ℓ∆ℓ. By Lemma A.5(1), x∞ ∈ ∆
and, by Lemma A.5(2), for ℓ′ ≥ ℓ,
ϑv,ℓ(xℓ′) ≥ ϑv,ℓ′(xℓ′) +
(1
ℓ
− 1
ℓ′
)
φ∨v (0) ≥ ϑv,ℓ′(xℓ′).
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Hence, ϑℓ(xℓ′) ≥ ϑℓ′(xℓ′) ≥ 0. By continuity, ϑℓ(x∞) = limℓ′→∞ ϑℓ(xℓ′) ≥ 0.
Applying again Lemma A.5(2),
ϑD(x∞) =
∑
v
nvλvψ
∨
v (x∞) =
∑
v
nv lim
ℓ→∞
ϑv,ℓ(x∞) = lim
ℓ→∞
ϑℓ(x∞) ≥ 0,
which proves the statement.
Conversely, suppose now that there exists x ∈ ∆ with ϑD(x) ≥ 0 maximal.
In particular, ∆ 6= ∅. The virtual support function corresponding to the R-divisor
ℓϕ∗D+A is equal to ℓΨ+Φ. By Lemma A.2(1), stab(ℓΨ+Φ) ⊃ ℓ∆+Γ. In particular,
this is a polytope of dimension n. Furthermore, for v ∈ MK, the corresponding
function is ℓψv + φv. Applying Lemma A.2(2), we deduce that
(ℓψv + φv)
∨(ℓx) ≥ ((ℓψv)∨ ⊞ φ∨v )(ℓx) = ℓψ∨v (x) + φ∨v (0).
Hence,
ϑℓϕ∗D+A(ℓx) =
∑
v
nvλv(ℓψv + φv)
∨(ℓx)
≥
∑
v
nvλv(ℓψ
∨
v (x) + φ
∨
v (0)) ≥ ℓϑD(x) + nv0λv0 > 0.
By (3), this implies that ℓϕ∗D +A is big and therefore D is pseudo-effective.
We finally prove (5). The metrized R-divisor D is effective if and only if D is
effective and sD is small which, by propositions 4.9(3) and 5.1(1), is equivalent to
the fact that 0 ∈ ∆D and ϑD,v(0) ≥ 0, for all v ∈MK. 
Corollary 6.2. Let D be an semipositive toric metrized R-divisor on X. Then
hD(X) = v̂ol(X,D) if and only if D is nef.
Proof. This follows easily from Proposition 4.20 and theorems 5.6 and 6.1(2). 
We also obtain the following arithmetic analogue of the Nakai-Moishezon crite-
rion for toric varieties.
Corollary 6.3. Let D be an semipositive toric metrized R-divisor on X.
(1) If D is nef, the following conditions are equivalent:
(a) D is nef;
(b) hD(p) ≥ 0 for every T-invariant point p;
(c) hD(Y ) ≥ 0 for every subvariety Y of XK.
(2) If D is ample, the following conditions are equivalent:
(a) D is ample;
(b) hD(p) > 0 for every T-invariant point p;
(c) hD(Y ) > 0 for every subvariety Y of XK.
Proof. We first prove (1). The equivalence between (1a) and (1b) follows from the
proof of Theorem 6.1(2).
It is clear that (1c) implies (1b). For the converse, let Y be a subvariety of X
defined over a finite extension F of K. Using the same argument as in the proof of
Theorem 6.1(2), we reduce to points in the principal orbit and we assume that Y
meets this principal orbit.
We prove that hD(Y ) ≥ 0 by induction on the dimension of Y . The 0-dimensional
case follows from the fact that D is nef. Assume now that Y has dimension
d ≥ 1. Let m ∈ ∆ and sm the corresponding toric R-section of D. By Be´zout
formula (3.12),
hD(Y ) = hD(Y · div(sm))−
∑
w∈MF
nw
∫
Xanw
log ‖sm‖w c1(D, ‖ · ‖w)∧d ∧ δY .
ARITHMETIC POSITIVITY ON TORIC VARIETIES 43
We have that hD(Y · div sm) ≥ 0 by the inductive hypothesis, and observe that
‖sm‖w ≤ ‖sm‖w,sup. The fact that the metric is semipositive implies that, for each
w ∈MF, the signed measure c1(D, ‖ · ‖w)∧d ∧ δY is nonnegative and of total mass
degD(Y ). Using Proposition 5.1(1),
hD(Y ) ≥ −
∑
w∈MF
nw
∫
Xanw
log ‖sm‖w,sup c1(D, ‖ · ‖w)∧d ∧ δY
=
∑
w∈MF
nwϑD,w(m) degD(Y ) = ϑD(m) degD(Y ).
Theorem 6.1(2) implies that ϑD(m) ≥ 0, which concludes the proof of (1). The
proof of (2) can be done similarly. 
Proposition 6.4. Let D,E be two toric metrized R-divisors on a toric variety X
such that E is semipositive. The following conditions are equivalent:
(1) D ≥ E;
(2) ψD,v ≤ ψE,v for all v ∈MK;
(3) ∆E ⊂ ∆D and ϑE,v(x) ≤ ϑD,v(x) for all x ∈ ∆E and v ∈MK.
Proof. (1) ⇔ (2) We have that D ≥ E if and only if the R-section sD−E is small.
This is equivalent to the fact that, for v ∈ MK, ψD−E,v(u) ≤ 0 for all u ∈ NR,
which in turn is equivalent to ψE,v(u) ≥ ψD,v(u) for all u.
(2)⇒ (3) By considering the corresponding recession functions, we deduce that
ΨE(u) ≥ ΨD(u) for all u, which implies that
∆E = {x ∈MR | 〈x, u〉 ≥ ΨE(u) for all u ∈ NR}
⊂ {x ∈MR | 〈x, u〉 ≥ ΨD(u) for all u ∈ NR} = ∆D.
Similarly, for x ∈ ∆E ,
ϑE,v(x) = infu∈NR
(〈x, u〉 − ψE,v(u)) ≤ infu∈NR (〈x, u〉 − ψD,v(u)) = ϑD,v(x).
(3)⇒ (2) Let v ∈MK. Since E is semipositive, the function ψE,v is concave and
so λvψE,v = ϑ
∨
E,v
. The fact that ϑE,v ≤ ϑD,v on ∆E implies that ϑ∨E,v ≥ ϑ∨D,v on
NR. Moreover,
ϑ∨
D,v
= λv conc(ψD,v) ≥ λvψD,v,
where conc(ψD,v) denotes the concave envelope of the function ψD,v (Appendix A).
Hence ψE,v ≥ ψD,v, which concludes the proof. 
Example 6.5. This example is due to Moriwaki [Mor11a]. Let X = PnQ with
homogeneous coordinates (z0 : · · · : zn) and D = div(z0). Then X is a toric variety
and D is a toric divisor corresponding to the support function Ψ: Rn → R given
by
Ψ(u1, . . . , un) = min(0, u1, . . . , un).
Let α = (α0, . . . , αn) be a collection of positive real numbers. Consider the toric
semipositive metric on D given, under the correspondence in Proposition 4.16(2),
by the family of functions
ψv =
{
−1
2 log(α0 + α1 e
−2u1 + · · ·+ αn e−2un) if v =∞,
Ψ otherwise.
For v =∞, this metric agrees with the weighted Fubini-Study metric
‖s(z0 : · · · : zn)‖2∞ =
z0z0
α0z0z0 + · · ·+ αnznzn .
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For the non-Archimedean places, it agrees with the canonical metric and is induced
by the canonical model OPn
Z
(1). We denote Dα this toric metrized divisor.
Let {e1, . . . , en} be the standard basis of MR = (Rn)∨ = Rn and (x1, . . . , xn)
the coordinates of a point x ∈ MR. Set also e0 = 0 and x0 = 1 −
∑
i xi. The
polytope ∆ = stab(Ψ) is the standard simplex of Rn. Computing as in [BPS11,
Example 2.4.3], one sees that the local roof functions are given, for (x1, . . . , xn) ∈ ∆,
by
ϑDα,v(x1, . . . , xn) =
{
−1
2
∑n
i=0 xi log(xi/αi) if v =∞
0 otherwise.
This is an adelic family of concave functions on ∆. By loc. cit., Theorem 4.7.1(1),
the metrized divisor Dα is semipositive. Its roof function is
ϑDα(x1, . . . , xn) =
−1
2
n∑
i=0
xi log(xi/αi).
This function satisfies ϑDα(ei) = (1/2) log(αi), i = 0, . . . , n, and
sup
x∈∆
ϑDα(x) =
1
2
log(α0 + · · ·+ αn).
Write Θα = {x ∈ ∆ | ϑDα(x) ≥ 0}. From Theorem 6.1, we deduce part of the
main result of [Mor11a]:
(1) Dα is ample if and only if αi > 1, i = 0, . . . , n;
(2) Dα is nef if and only if αi ≥ 1, i = 0, . . . , n;
(3) Dα is big if and only if
∑
i αi > 1;
(4) Dα is pseudo-effective if and only if
∑
i αi ≥ 1;
(5) Dα is effective if and only if α0 ≥ 1.
By [BPS11, Theorem 5.2.5] and Theorem 5.6,
hDα(X) = v̂olχ(X,Dα) = (n+ 1)!
∫
∆
ϑDα dvol =
1
2
n∑
i=0
(
log(αi) +
i∑
j=1
1
j
)
.
Apparently, there is no such a simple formula for the arithmetic volume
v̂ol(X,Dα) = (n+ 1)!
∫
Θα
ϑDα dvol .
7. Toric versions of Dirichlet’s unit theorem, Zariski decomposition
and Fujita approximation
In this section, we give a complete answer to questions 3.23 and 3.28 in the toric
case and a partial answer to Question 3.27. Namely, we give a criterion for when a
toric Zariski decomposition or a strong toric Zariski decomposition exists. We will
show in §8 that, for big toric arithmetic R-divisors and under some restrictions, the
existence of a non-necessarily toric Zariski decomposition implies the existence of
a toric one.
Definition 7.1. Let X be a proper toric variety over K and D a toric metrized
R-divisor on X . A toric Zariski decomposition of D is a Zariski decomposition
ϕ∗D = P +E such that ϕ is a birational toric map of proper toric varieties and P
(hence E) is a toric metrized R-divisor.
We denote by ΥT(D) ⊂ Υ(D) the subset formed by the elements (ϕ, P ), with
ϕ a proper birational toric map of proper toric varieties and P a toric metrized
R-divisor. The equivalence relation ∼ in Definition 3.26 induces an equivalence
relation on ΥT(D) and the order relation on Υ(D)/ ∼ induces an order relation
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on ΥT(D)/ ∼. A toric strong Zariski decomposition is the greatest element of
ΥT(D)/ ∼, if it exists.
Theorem 7.2. Let X be a proper toric variety over K and D a toric metrized
R-divisor on X.
(1) Assume that K is an A-field. Then, for every a ∈ ΘD there exists an
α ∈ K× ⊗ R such that
(7.3) D + d̂iv(αχa) ≥ 0.
Therefore, if D is pseudo-effective, then there exists a ∈ ∆D and α ∈ K×⊗R
satisfying (7.3).
(2) If D is pseudo-effective, then there exists a toric strong Zariski decomposi-
tion of D if and only if ΘD is a quasi-rational polytope.
(3) If D is big, the following statements are equivalent:
(a) there exists a toric Zariski decomposition of D;
(b) there exists a strong toric Zariski decomposition of D;
(c) ΘD is a quasi-rational polytope.
(4) Assume that D is big. Then, for every ε > 0, there exists a birational toric
map ϕ : X ′ → X of proper toric varieties and toric metrized R-divisors A,
E on X ′ such that A is ample, E is effective,
ϕ∗D = A+ E and v̂ol(X ′, A) ≥ v̂ol(X,D)− ε.
Proof. (1) Let S be a finite subset of MK containing the Archimedean places and
those places such that ϑD,v(a) 6= 0. Let γv ∈ R, v ∈ MK, such that γv ≤ ϑD,v(a)
for all v ∈ S, γv = 0 for v /∈ S, and
∑
v nvγv = 0. Dirichlet’s unit theorem for
A-fields [Wei74, Chapter IV, §4, Theorem 9] implies that there exists α ∈ K× ⊗ R
such that log |α|v = γv for all v. Set D′ = D + d̂iv(αχa). Then, for all v ∈ MK
and x ∈MR,
ϑD′,v(x) = ϑD,v(x+ a)− γv.
In particular, ϑD′,v(0) = ϑD,v(a)− γv ≥ 0 for all v and so D
′ ≥ 0, as stated.
If D is pseudo-effective, then ΘD 6= ∅ by Theorem 6.1(4), which proves the
second statement.
(2) Let ϕ : X ′ → X be a birational toric map and P a nef toric metrized R-divisor
on X ′ such that P ≤ ϕ∗D. In particular, P is semipositive. By Proposition 6.4,
∆P ⊂ ∆ϕ∗D = ∆D and ϑP,v(x) ≤ ϑϕ∗D,v = ϑD,v(x) for all v ∈ MK and x ∈ ∆P .
Furthermore, by Theorem 6.1(2), ϑP ≥ 0 on ∆P . Hence, for x ∈ ∆P ,
(7.4) ϑD(x) =
∑
v
nvϑD,v(x) ≥ ϑP (x) ≥ 0
and ∆P ⊂ ΘD.
Assume that (ϕ, P ) is maximal. Suppose that ΘD is not a quasi-rational poly-
tope. Then ∆P 6= ΘD and so there is a quasi-rational polytope ∆′ ) ∆P contained
in ΘD. Let Σ
′ be a common refinement of Σ and Σ∆′ . Set X
′ = XΣ′ and let
ϕ : X ′ → X be the associate birational toric map. Let P ′ be the toric R-divisor of
X ′ determined by ∆′ and P
′
the toric semipositive metrized R-divisor associated
to the restriction to ∆′ of the family of concave functions {ϑD,v}v under the cor-
respondence in Proposition 4.19(2). We have that P
′
is nef (by Theorem 6.1(2)),
P ≤ ϕ∗P ′ (by Proposition 6.4) and P 6= P ′ since the associated polytopes are
different. Hence, P is not maximal contradicting the hypothesis. We conclude
that ΘD = ∆P is a quasi-rational polytope.
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Conversely, assume that ΘD is a quasi-rational polytope. Let Σ
′ be a common
refinement of Σ and ΣΘD . Set X
′ = XΣ′ and let ϕ : X
′ → X be the associated
birational toric map.
Let P be the toric R-divisor ofX ′ determined by ΘD and P the toric semipositive
metrized R-divisor associated to the restriction to ΘD of the family of concave
functions {ϑD,v}v under the correspondence in Proposition 4.19(2). Hence, P is
nef (by Theorem 6.1(2)) and P ≤ ϕ∗D (by Proposition 6.4).
Now we show the maximality of the class of (ϕ, P ). Let Σ1 be a refinement
of Σ, ϕ1 : X1 → X the corresponding birational toric map and P 1 a nef toric
metrized R-divisor on X1 with ϕ
∗
1D ≥ P 1. By Proposition 6.4, ∆P1 ⊂ ∆D and
ϑP 1,v(x) ≤ ϑD,v(x) for all v ∈ MK and x ∈ ∆P1 . Since P 1 is nef, Theorem 6.1(2)
implies that ϑP 1(x) ≥ 0 for all x ∈ ∆P1 . Hence, ∆P1 ⊂ ΘD. By construction,
∆P1 ⊂ ∆P and ϑP 1(x) ≤ ϑP (x) for x ∈ ∆P1 .
Taking a common refinement Σ′′ of Σ′ and Σ1, we consider the corresponding
birational toric maps ν : X ′′ → X ′ and ν1 : X ′′ → X1. Proposition 6.4 then implies
that ν∗P ≥ ν∗1P 1, which proves the statement.
(3) Since a big metrized divisor is pseudo-effective the equivalence of (3b) and
(3c) follows from (2). Furthermore (3b) and (3c) imply (3a), it remains to prove
that (3a) implies (3c). Assume that ϕ∗D = P +E is a toric Zariski decomposition.
As before, ∆P ⊂ ΘD and ϑP ≤ ϑD. The equality of arithmetic volumes implies
(7.5)
∫
∆P
ϑP dvolM =
∫
ΘD
ϑD dvolM .
Since D is big, the interior of ΘD is nonempty and the function ϑD is strictly
positive on it. Then, equation (7.5) implies that ΘD is equal to ∆P , which is a
quasi-rational polytope.
(4) For each ε > 0 we pick a quasi-rational polytope ∆′ contained in the interior
of ΘD and such that
(n+ 1)!
∫
ΘD\∆
′
ϑD dvolM ≤ ε.
Let Σ′ be a common refinement of Σ and Σ∆′ . We consider the corresponding toric
variety X ′ = XΣ′ and the birational toric map ϕ : X
′ → X . We set A for the toric
R-divisor corresponding to ∆′ together with the metrics induced by the restriction
to this polytope of the family of concave functions {ϑD,v}v.
By concavity, ϑA is strictly positive on ∆
′. Theorem 6.1(1) then implies that A
is ample. By Proposition 6.4, A ≤ ϕ∗D and, by construction,
v̂ol(X ′, A) = (n+ 1)!
∫
∆′
ϑD dvolM ≥ (n+ 1)!
∫
ΘD
ϑD dvolM −ε = v̂ol(X,D)− ε,
which concludes the proof. 
Remark 7.6. If D as in the previous theorem is pseudo-effective but not big, then
a toric Zariski decomposition always exists. Take any a ∈ ΘD. Since the set {a} is a
quasi-rational polytope, using the construction of Theorem 7.2(2) we can associate
to it a nef toric metrized divisor on X such that P ≤ D and v̂ol(X,P ) = 0 =
v̂ol(X,D). Clearly, in this case, the decomposition may be non-unique.
Example 7.7. Consider again the toric metrized divisorDα on P
n
Q in Example 6.5.
We also use the notation and results therein.
First suppose that
∑
i αi ≥ 1 or, equivalently, that Dα is pseudo-effective. By
Theorem 7.2(1), Dirichlet’s unit theorem holds true in this case, as it does for any
pseudo-effective metrized toric R-divisor over an A-field.
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If
∑
i αi = 1, then the set Θα is a point. Otherwise, this is a compact subset of
∆ of dimension n with smooth boundary. In this case, Θα is not a polytope, unless
n = 0, 1. Hence, by Theorem 7.2(2), D admits a strong toric Zariski decomposition
if and only if either
∑
i αi = 1, or
∑
i αi > 1 and n = 0, 1.
Now suppose that
∑
i αi > 1 or, equivalently, that D is big. Then, by Theo-
rem 7.2(3), D admits a toric Zariski decomposition (and a strong Zariski decom-
position) if and only if n = 0, 1.
Finally, Theorem 7.2(4) shows that a Fujita approximation of Dα always exists,
as it does for any big metrized toric R-divisor over a global field.
8. Zariski decomposition on toric varieties
In the previous section, we gave a characterization for when a toric Zariski de-
composition exists. Now, we will study when the existence of a non-necessarily toric
Zariski decomposition implies the existence of a toric one. For technical reasons,
we will restrict this study to algebraic metrized R-divisors arising from arithmetic
R-divisors as in Example 3.18 and assume K = Q.
Definition 8.1. Let X be a smooth projective toric variety over Q, X a model ofX
over Z and D an arithmetic R-divisor on X of C0-type. Let D be the restriction
of D to X and D the algebraic metrized R-divisor on X associated to D. We
say that D is a toric arithmetic R-divisor if D is a toric metrized R-divisor. In
particular, D is a toric R-divisor on X .
The following is the main result of this section.
Theorem 8.2. Let X be a smooth projective toric variety over Q, D a big toric
arithmetic R-divisor and D the associated toric metrized R-divisor. Then, the fol-
lowing conditions are equivalent:
(1) there is a birational map σ : Y → X of flat normal generically smooth
projective schemes over Z and a decomposition σ∗D = P + E with P and E
arithmetic R-divisors on YQ such that the corresponding metrized R-divisors
give a Zariski decomposition of D;
(2) there is a toric Zariski decomposition of D;
(3) ΘD is a quasi-rational polytope.
Before proving the theorem we will need some preliminaries.
Let X be a proper variety over a field K. A divisorial valuation of X is a
valuation ν on K(X) given, for f ∈ K(X) by
ν(f) = ordH(σ
∗f),
where σ : Y → X is a birational map of normal proper varieties over K and H ∈
Div(Y ) is a prime Weil divisor. We denote by DV(X) the set of all divisorial
valuations of X .
A divisorial valuation ν defines a map multν : Car(X) → Z given, for D ∈
Car(X), by multν(D) = ν(fD) where fD ∈ K(X) is a local equation of D on a
neighbourhood of the point σ(H). This map is a group morphism and so it extends
to a map
multν : Car(X)R −→ R.
Let ρ : Z → X be a birational map of normal proper varieties. Since DV(X) =
DV(Z), for ν ∈ DV(X) the map multν extends to a map Car(Z)R → R.
We will consider the following notion of arithmetic multiplicity for metrized R-
divisors over a global field K.
48 BURGOS GIL, MORIWAKI, PHILIPPON, AND SOMBRA
Definition 8.3. Let X be a proper variety over K and D a metrized R-divisor on
X . The arithmetic multiplicity of D is the function defined, for ν ∈ DV(X), by
µD(ν) = inf
{1
ℓ
multν(div(s))
∣∣∣ ℓ ≥ 1, s ∈ Γ̂(X, ℓD)×}.
Let ρ : Y → X be a birational map from a normal proper variety Y over K and
E ∈ Car(Y )R. We say that the arithmetic multiplicity of D is represented by E
when µD(ν) = multν(E) for all ν ∈ DV(X).
The arithmetic multiplicity of an arithmetic R-divisor is defined as the arithmetic
multiplicity of its associated metrized R-divisor.
We will show that, for a toric metrized R-divisor D, the convex set ΘD can be
expressed as the intersection of a family of halfspaces defined by the arithmetic
multiplicity of D. When this arithmetic multiplicity is representable, this convex
set can be expressed as the intersection of a finite sub-family of these halfspaces
which implies that, in this case, ΘD is a polytope.
Proposition 8.4. Let X be a proper toric variety over K and D a big toric metrized
R-divisor on X. Then
(1) for all ν ∈ DV(X),
µD(ν) = inf{multν(div(sa)) | a ∈ ΘD ∩MQ};
(2) ΘD = {a ∈MR | µD(ν) ≤ multν(div(sa)) for all ν ∈ DV(X)};
(3) assume that there is a birational map σ : Y → X from a normal proper
variety Y over K and an R-divisor E on Y that represents µD. Then,
there are prime Weil divisors Hi ∈ Div(Y ), i = 1, . . . , l, such that
ΘD = {a ∈MR | µD(νi) ≤ multνi(div(sa)), i = 1, . . . , l},
where νi is the divisorial valuation defined by Hi. In particular, ΘD is a
quasi-rational polytope.
Proof. (1) Let ℓ ≥ 1 and m ∈ ΘℓD ∩ M . Proposition 5.1(1) implies that sm =
(χm, ℓD) ∈ Γ̂(X, ℓD)×. Since multν(div(sm)) = ℓmultν(div(sa)) for a = m/ℓ, it
follows that
µD(ν) ≤ inf{multν(div(sa)) | a ∈ ΘD ∩MQ}.
For the reverse inequality, let s ∈ Γ̂(X, ℓD)×. Write s = (f, ℓD) with f =∑
m∈ℓ∆D
cmχ
m. By Corollary 5.5, cmχ
m ∈ Γ̂(X, ℓD)× for all m such that cm 6= 0.
For all such m, Proposition 5.1(1) together with the product formula imply that
m ∈ ℓΘD. Hence,
multν(div(s)) = ℓmultν(D) + ν
( ∑
m∈ℓ∆D
cmχ
m
)
≥ ℓmultν(D) + min
m∈ℓΘD∩M
ν(χm).
This implies that µD(ν) ≥ inf{multν(div(sa)) | a ∈ ΘD ∩MQ}, which proves the
formula.
(2) Write Ω = {a ∈ MR | µD(ν) ≤ multν(div(sa)) ∀ν ∈ DV(X)} for short.
By (1), ΘD ∩MQ ⊂ Ω. Since D is big, ΘD ∩MQ is dense in ΘD and so ΘD ⊂ Ω.
For the reverse inclusion, let b ∈MR \ΘD. Since ΘD is convex and closed, there
is a real number ε > 0 and a primitive element u ∈ N such that 〈b, u〉 < 〈x, u〉 − ε
for all x ∈ ΘD. Let Σ′ be a complete unimodular regular refinement of Σ containing
the ray R≥0u. Let H be the prime Weil divisor of XΣ′ corresponding to this ray and
νH the associated divisorial valuation of X . Then, for any a = m/ℓ ∈ ΘD ∩MQ,
νH(χ
b) = 〈b, u〉 < 〈a, u〉 − ε = νH(χm)/ℓ− ε.
By (1), multνH (div(sb)) < µD(νH) and so b 6∈ Ω, which proves the statement.
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(3) Let {H1, . . . , Hl} be the set of prime Weil divisors on Y containing all the
components of E and of σ−1(X \XΣ,0). For short, write
Ω′ = {a ∈MR | µD(νi) ≤ multνi(div(sa)), i = 1, . . . , l}.
By (2), ΘD ⊂ Ω′. For the reverse inclusion, let b ∈ Ω′. Then, for all ν ∈ DV(X),
µD(ν) = multν(E) =
l∑
i=1
multνi(E)multν(Hi) =
l∑
i=1
µD(νi)multν(Hi)
≤
l∑
i=1
multνi(div(sb))multν(Hi) = multν(div(sb)).
By (2), this implies that b ∈ ΘD and so we obtain the first statement. The quasi-
rationality of ΘD follows from the fact that
µD(νi) = multνi(div sa)
is an affine equation in a with integral slope. 
The relationship between the arithmetic multiplicity and the Zariski decomposi-
tion is given by the following result of Moriwaki [Mor12a, Theorems 2.5 and 4.1.1].
Theorem 8.5. Let σ : Y → X be a birational morphism of generically smooth
normal projective varieties over Z. Denote by X and Y the generic fibre of X
and Y, respectively. Let D be a big arithmetic R-divisor on X . If D admits a
Zariski decomposition σ∗D = P + E with P , E arithmetic R-divisors on Y, then the
arithmetic multiplicity of D is represented by the R-divisor E = E |Y ∈ Car(Y )R.
Proof of Theorem 8.2. By Theorem 7.2(3), we know that (2) is equivalent to (3).
Theorem 8.5 and Proposition 8.4(3) show that (1) implies (3).
It only remains to prove that (3) implies (1). The only difficulty is to show
that the metrized R-divisors appearing in the Zariski decomposition D = P + E
obtained by Theorem 7.2(3) come from arithmetic R-divisors. Clearly, it is enough
to show that this is the case for the nef part P .
Suppose that ΘD is a quasi-rational polytope. Let Σ
′ be a complete unimodu-
lar regular refinement of Σ and ΣΘD . Set X
′ = XΣ′ and let ϕ : X
′ → X be the
associated birational toric map. Recall the construction of P in the proof of The-
orem 7.2(3): P is the toric R-divisor on X ′ determined by ΘD and P is the toric
semipositive metrized R-divisor associated to the restriction to ΘD of the family
of concave functions {ϑD,v}v under the correspondence in Proposition 4.19(2). For
v 6= ∞, the function ψD,v is piecewise affine, by [BPS11, Proposition 4.4.13], and
so is each local roof function ϑD,v.
For each v ∈MQ, consider the functions
ζv = ϑv
∣∣
ΘD
and ϕv =
(
1
λv
ζv
)∨
and the finite set of places S = {v ∈MQ \{∞} | ζv 6≡ 0}. For each v ∈ S, let pv ∈ Z
be the corresponding prime number. Choose a subdivision Πv of NR so that ϕv is
piecewise affine on Πv and rec(Πv) = Σ
′. This can be done as follows. Let Ψ′ be
a strictly concave function on Σ′, which exists because of the condition that Σ′ is
a regular fan. Then, Πv can be constructed as the subdivision determined by the
concave function ϕv +Ψ
′ as in [BPS11, Definition 2.2.5].
For each finite subset S′ ⊂ S we denote pS′ =
∏
v∈S′ pv and ZS′ = Z[1/pS′ ].
Consider the toric scheme XΠv over ZS\{v} obtained by the construction in [BPS11,
§3.5] using ZS\{v} and pv in place of K◦ and ̟. The function ϕv defines a Cartier
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divisor Pϕv on XΠv as in the case of toric varieties over a field. The restriction of
Pϕv to the generic fibre X ′ agrees with P .
For v, w ∈ S, the restriction of the models XΠv and XΠw to ZS\{v,w} can be
identified by using the element pv/pw. Under this identification, the Cartier divisors
Pϕv and Pϕw correspond to each other. Since these identifications satisfy the
cocycle condition, we can glue together the schemes XΠv , v ∈ S, into a model
X ′ over Z of X ′, and the divisors Pϕv into a model P of P . Then
g(x) = −2ϕ∞(val∞(x))
is a Green function of C0 and PSH-type for P . Hence P = (P , g) is a nef arith-
metic R-divisor and, by construction, P is its associated metrized R-divisor, which
concludes the proof of the theorem. 
Example 8.6. Consider again the toric metrized divisor Dα on P
n
Q in Example 6.5
and let Dα be the associated toric arithmetic divisor.
With the notation therein, suppose that n ≥ 2, and that ∑i αi > 1 or, equiv-
alently, that Dα is big. As noted in Example 7.7, the convex set Θα is not a
polytope in this case. Hence, Theorem 8.2 shows that Dα does not admit a Zariski
decomposition into arithmetic R-divisors.
Remark 8.7. In principle, Theorem 8.2 leaves open the possibility that the ex-
istence of a general Zariski decomposition of D does not imply the existence of a
toric one. It would be interesting to settle this question and extend Theorem 8.2
to arbitary metrized R-divisors. Since the main reason why we restrict ourselves to
arithmetic R-divisors is the use of Theorem 8.5, one step in this direction would be
to extend this last result to metrized R-divisors.
Appendix A. Convex analysis of asymptotically conic functions
In this appendix we extend some definitions and constructions from [BPS11,
Chapter 2] to functions which are not necessarily concave. We will freely use the
notations and conventions in loc. cit..
Definition A.1. Let f : NR → R be a function. The stability set of f is the subset
of MR given by
stab(f) = {x ∈MR | x− f is bounded below}.
When f is a concave function, this coincides with the definition of stability set
in convex analysis [Roc70]. If stab(f) 6= ∅, this is a convex set. The function f
determines a concave function f∨ : stab(f)→ R defined as
f∨(x) = inf
u∈NR
〈x, u〉 − f(u).
When f is concave, the function f∨ is the Legendre-Fenchel dual of f .
Lemma A.2. Let f, g : NR → R be two functions. Then
(1) stab(f + g) ⊃ stab(f) + stab(g).
(2) (f + g)∨(x) ≥ (f∨ ⊞ g∨)(x) for all x ∈ stab(f) + stab(g).
Proof. (1) Let x ∈ stab(f) + stab(g) and take y ∈ stab(f) and z ∈ stab(g) such
that x = y+z. Then y−f and z−g are bounded below. Therefore (y+z)− (f+g)
is also bounded below, and so x ∈ stab(f + g).
(2) For x ∈ stab(f) + stab(g) we have that
(f∨ ⊞ g∨)(x) = sup
y+z=x
(f∨(y) + g∨(z)), (f + g)∨(x) = inf
u
(〈x, u〉 − f(u)− g(u))
ARITHMETIC POSITIVITY ON TORIC VARIETIES 51
and
sup
y+z=x
(f∨(y) + g∨(z)) = sup
y+z=x
(
inf
u
(〈y, u〉 − f(u)) + inf
v
(〈z, v〉 − g(v))
)
≤ sup
y+z=x
inf
u
(〈y, u〉+ 〈z, u〉 − f(u)− g(u)) = inf
u
(〈x, u〉 − f(u)− g(u)),
from where we deduce the statement. 
A conic function on NR is a function Ψ: NR → R such that Ψ(λu) = λΨ(u) for
all u ∈ NR and λ ≥ 0.
Definition A.3. Let f : NR → R be a function. We say that f is asymptotically
conic if there is a conic function Ψ on NR such that |f − Ψ| is bounded. Such a
conic function Ψ is necessarily unique. We call it the recession function of f and
we denote it by rec(f).
Remark A.4. Let f : NR → R be an asymptotically conic function. Then
rec(f)(u) = lim
λ→∞
f(λu)
λ
.
Hence, for a concave asymptotically conic function, the notion of recession function
coincides with the usual one in convex analysis, see for instance [Roc70, Theo-
rem 8.5].
The stability set of an asymptotically conic function f : NR → R agrees with
that of its recession function. Hence,
stab(f) = {x ∈MR | 〈x, u〉 ≥ rec(f)(u) for all u ∈ NR}.
If f is an asymptotically conic function f : NR → R with stab(f) 6= ∅, the
concave envelope of f , denoted conc(f), is defined as the smallest concave function
h : NR → R such that h ≥ f . We have that f∨ = conc(f)∨ and f∨∨ = conc(f).
Lemma A.5. Let f, g : NR → R be two asymptotically conic functions such that
0 ∈ stab(g). Then
(1) stab(f + ε′g) ⊂ stab(f + εg) for 0 ≤ ε′ ≤ ε and⋂
ε>0
stab(f + εg) = stab(f).
(2) Assume that stab(f) 6= ∅. Then, for 0 ≤ ε′ ≤ ε,
(f + εg)∨
∣∣
stab(f+ε′g)
≥ (f + ε′g)∨ + (ε− ε′)g∨(0)
and, for x ∈ stab(f),
lim
ε→0
(
f + εg
)∨
(x) = f∨(x).
Proof. (1) Let 0 ≤ ε′ ≤ ε. By Lemma A.2(1),
stab(f + εg) ⊃ stab(f + ε′g) + stab((ε− ε′)g) ⊃ stab(f + ε′g)
because ε − ε′ ≥ 0 and so 0 ∈ (ε − ε′) stab(g) = stab((ε − ε′)g). Now let x ∈
stab(f + εg) for all ε > 0. We have that stab(f + εg) = stab(rec(f) + ε rec(g)) and
so, for all u ∈ NR,
〈x, u〉 ≥ rec(f)(u) + ε rec(g)(u).
Letting ε → 0, we obtain 〈x, u〉 ≥ rec(f)(u). Since this holds for all u ∈ NR, we
deduce that x ∈ stab(rec(f)) = stab(f). Hence, ⋂ε>0 stab(f + εg) ⊂ stab(f). The
reverse inclusion follows from the argument above with ε′ = 0.
(2) Let 0 ≤ ε′ ≤ ε. By Lemma A.2(2), for x ∈ stab(f + ε′g),(
f + εg
)∨
(x) ≥ ((f + ε′g)∨ ⊞ ((ε− ε′)g)∨)(x) ≥ (f + ε′g)∨(x) + (ε− ε′)g∨(0),
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which proves the first assertion.
Letting ε′ = 0, we deduce that lim infε→0
(
f + εg
)∨
(x) ≥ f∨(x) for x ∈ stab(f).
For the reverse inequality, given δ > 0 let u0 ∈ NR such that f∨(x) ≥ 〈x, u0〉 −
f(u0)− δ. Then
(f + εg)∨(x) ≤ 〈x, u0〉 − f(u0)− εg(u0) ≤ f∨(x) − εg(u0) + δ.
Letting ε→ 0, we deduce that
lim sup
ε→0
(f + εg)∨(x) ≤ f∨(x) + δ.
Since this holds for all δ > 0, we obtain lim supε→0(f +εg)
∨(x) ≤ f∨(x). Therefore
limε→0(f + εg)
∨(x) exists and is equal to f∨(x), which concludes the proof. 
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